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Bubble-based microfluidic devices have been proven to be useful for many biological and chemical
studies. These bubble-based microdevices are particularly useful when operated at the trapped
bubbles’ resonance frequencies. In this work, we present an analytical expression that can be used
to predict the resonant frequency of a bubble trapped over an arbitrary shape. Also, the effect of
viscosity on the dispersion characteristics of trapped bubbles is determined. A good agreement
between experimental data and theoretical results is observed for resonant frequency of bubbles
trapped over different-sized rectangular-shaped structures, indicating that our expression can be
valuable in determining optimized operational parameters for many bubble-based microfluidic
devices. Furthermore, we provide a close estimate for the harmonics and a method to determine the
dispersion characteristics of a bubble trapped over circular shapes. Finally, we present a new
method to predict fluid properties in microfluidic devices and complement the explanation of
C 2013 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4827425]
acoustic microstreaming. V
I. INTRODUCTION

Oscillating bubbles have been proven to be useful in
controlling fluids and particles in many lab-on-a-chip applications.1 These bubble-based microfluidic systems were
most effective when excited at the bubbles’ resonance frequencies.2,3 In their early-stage development, bubble-based
microsystems comprised unbounded spherical bubbles in
microchannels with random bubble sizes and locations. In
recent years, researchers have expanded the functionalities
of bubble-based microfluidic systems by trapping bubbles
over solid structures.4–10 These trapped-bubbles can have
prescribed sizes, locations, and shapes and thus offer superior performance. For example, microfluidic devices using
bubbles trapped across horseshoe-shaped structures (HSS)
have effectively demonstrated several distinct functionalities
(such as mixing, gradient generation, and enzymatic
reaction).7,9–13
Although microfluidic devices using surface-trapped
bubbles are effective, determining the bubbles’ resonant frequencies remains a significant challenge. Experimentally,
these are identified by sweeping the frequency and visually
analyzing the bubbles’ amplitude for maximum oscillation.
This process can be time-consuming and prone to error.
Though theoretical analysis for spherical bubbles exists, it is
inapplicable for trapped-bubbles and hence do not guide the
device design.13–17
Although analysis of the trapped-bubble, i.e., liquid-gas
interface, has not been attempted, extensive analysis of
unbounded liquid-gas and liquid-liquid interfaces has been
performed.17–22 In the case of bounded interfaces, formulation of a liquid-liquid interface has been developed.23–25
a)
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Attempts have also been made to analyze a cylindricalshaped liquid-gas interface trapped over rectangular
shapes.26,27 Here, we extend the above approaches to determine the dispersion characteristics of the oscillation of
trapped bubbles. We believe that with its advantages in accuracy and versatility, the theoretical analysis presented here
could serve as a powerful tool for designing and optimizing
many bubble-based microfluidic devices.
In this work, we theoretically investigate the resonance
frequencies of liquid-gas interface trapped over horseshoeshaped structures and compare with experimental observations. First, the capillary wave dispersion characteristics of
the liquid-gas interface are derived from velocity potentials.
Next, using Taylor-series expansion, the effect of viscosity
on dispersion relations is determined. An extension of our
theoretical approach for trapped-bubbles over arbitrary planar geometries is discussed. Later, the dispersion characteristics of liquid-gas interface, of commonly used liquids, are
presented. Estimated resonant frequencies over rectangular
horseshoe-shaped structures are compared with experimental
data and explanations are provided. Following that, an
inverse method to determine the physical properties of fluids
is proposed. Finally, the microstreaming phenomenon is discussed based on the evaluated velocity potentials.
II. EXPERIMENTS

Polydimethylsiloxane (PDMS) microfluidic channels of
dimensions 240 lm  155 lm  1000 lm were prepared
using standard soft lithography and mold replica techniques.
Fig. 1 shows a typical arrangement of the horseshoe-shaped
structure in a microfluidic channel. Nine horseshoe-shaped
structures, each with different widths (b) varying from 30 to
110 lm, were prepared. The height (a) and length (h) of the
structures were fixed as 60 and 155 lm, respectively. When
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FIG. 1. Schematic of a microchannel with a HSS in the center. Region 1,
external to the HSS, is filled by a liquid (e.g., water) and region 2, inside the
HSS, is occupied by air. The dimensions of the HSS (a, b, and h) and the amplitude of the water-air interface (S) are labeled in the figure. A piezoelectric
transducer is used for acoustic activation of the bubble trapped at the HSS.

the channel is filled with fluid (e.g., de-ionised (DI) water),
the fluid passes by the structure and induces a single bubble
(liquid-gas interface) due to surface tension.6–9 It is observed
that with these dimensions of horseshoe structure an interface can be developed even at high flow rates of DI water. It
is known that ambient gases diffuse in and out of the bubble
through the PDMS28,29 by a process known as rectified diffusion.30,31 Since this microsystem is operated at low transducer voltages (8 Vpp), diffusion effects were not observed.
Furthermore, these experiments, at room temperature and
ambient pressure, were performed soon after the bubbles
were trapped. Hence, in this preliminary study, the diffusion
effects were not considered.
A piezoelectric transducer (Model No. 273-073,
RadioShack), driven by a function generator (Hewlett
Packard 8116A), was bonded next to the microfluidic device
on the same glass substrate using epoxy. Upon actuating the
piezoelectric transducer, the liquid-gas interface, here waterair, is set into oscillation. These oscillations result in a strong
recirculating flow pattern in the liquid closer to the interface.
This phenomenon, known as acoustic streaming, is most efficient when the interface is excited at its resonance frequency.
Identification of resonance of interface oscillation was made
by visual observation via a fast microscope, SA4 fastcam,
Photron. Experiments were performed with three sets of
horseshoe-shaped structures of all sizes. For each set of
experiments, nine horseshoe-shaped-structures, of the mentioned sizes, are used in micro-channels, and the corresponding resonant frequencies are determined. The resonance
frequency of the interface was determined experimentally by
sweeping the excitation frequency from 5 kHz to 100 kHz, at
a driving voltage of 8 Vpp.
III. THEORY

For the purpose of analysis, the region outside the
horseshoe-shaped structures, in front of the interface S(x,y,t), is
referred as region 1 and the region inside the horseshoe structures as region 2 (Fig. 1). Region 1 is filled with a liquid and
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region 2 is occupied by ambient air. Although region 1 could
be filled with several streams of liquid, in this first study, we
focus on the case of region 1 being completely filled with only
one liquid (e.g., water). At equilibrium, at the liquid-air interface, the surface-tension forces balance the difference of pressure from both regions. To avoid repetitive explanations and
use of the word “liquid-gas interface” or “water-air interface”
from now on, the word “interface” will refer to the “liquid-gas
interface” trapped across the horseshoe structure.
Broadly, the interface oscillation is guided by acoustic
force, gravity, and capillary waves.32 Bond number,19 the ratio
of buoyancy forces and surface tension forces, was found to be
of the order of 104 for the horseshoe-shaped structures
employed. Hence, we neglected the effect of gravity on fluid
motion. Based on experimental observations, the interface is
considered to be a near-flat surface in shape. If we only consider acoustic waves while neglecting capillary waves, the
horseshoe structure can be considered as a rigid cuboid with
the interface as a flexible membrane.33–35 For such a case, the
resonant frequencies are calculated to be in the MHz range,36
while it is observed experimentally that resonant frequencies
are in kHz range. This confirms the dominance of capillary
force over acoustic force on the interface in the frequency
range that we employ (5–100 kHz). Thus, the behavior of this
bubble-based system is studied for only capillary wave forces.
We assume the liquid to be inviscid;21 therefore, the pressure
and velocity distribution in the system can be characterized by
velocity potentials.15,19–21 Let wðx; y; z; tÞ and uðx; y; z; tÞ
denote the velocity potentials18,19,33 of regions 1 and 2, respectively; vz is the velocity of the interface in z direction; g is the
viscosity of the liquid in region 1; Sðx; y; tÞ is the interface
amplitude; r is surface tension of the interface; q1 ; q2 are the
density of fluids in regions 1 and 2, respectively; and a, b, and
h are the dimensions of horseshoe structure. For a small perturbation in the interface shape, we analyze the system to determine the dispersion relation and resonant frequencies. Since
the interface oscillates in the z direction, the motion of the gas
in region 2 is primarily normal to the interface; i.e., the velocity
components of the gas normal to the walls of the horseshoeshaped structure in the x, y directions, vx and vy are given by
vx ð0; y; zÞ ¼ vx ða; y; zÞ ¼ vy ðx; 0; zÞ ¼ vy ðx; b; zÞ ¼ 0;
vx ¼

(1)

@u
@u
¼ 0 8 x  ½0; a; vy ¼
¼ 0 8 y  ½0; b; (2)
@x
@y

where Eq. (2) is obtained from Eq. (1) using the definition of
velocity potential. Let Fðx; yÞ denotes the root-mean
squared value of F(x,y) over the space variables x, y. The
mean velocity of the interface at the open face of the horseshoe structure (z ¼ 0) must be the same as that of the air velocity in region 2, given by
@S @u
¼
at z ¼ 0:
@t
@z

(3)

Experimentally, it is observed that the interface is pinned at
the edges of the horseshoe structure’s open face leading to
the following boundary conditions for Sðx; y; tÞ :
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Sð0; y; tÞ ¼ Sða; y; tÞ ¼ Sðx; 0; tÞ ¼ Sðx; b; tÞ ¼ 0:

(4)

Before the activation of the piezoelectric transducer, the
interface is observed to be nearly flat, so
Sðx; y; 0Þ ¼ 0:

(5)

To be physically consistent, the velocity of the fluid away
from the interface must diminish to zero. Hence, an exponential decay in the velocity profile as shown in Eq. (6) is considered. To satisfy Eqs. (1)–(5) and the expected exponential
decay along the z-direction, the velocity potentials and interface amplitude will have the following form:
umn ðx; y; zÞ ¼

Qmn x k2 z
e cosðkx xÞcosðky yÞeixt ;
k2

Smn ðx; y; tÞ ¼ iQmn sinðkx xÞsinðky yÞeixt ;

(6)
(7)

where k2 is the wavenumber in the z-direction in region
2, Qmn is the amplitude of interface oscillation, kx
np
¼ mp
a and ky ¼ b are the wavenumbers along x, y directions,
respectively, and m and n are the mode numbers along the
cross-section dimensions, x and y. For liquid motion in
region 1, described by the velocity potential w, wavenumbers in directions parallel to interface, kx, ky, remain
unchanged for a shear-free interface. Equating the velocity
of the interface with velocity of fluid in region 1 at z ¼ 0, the
boundary condition given by
@S @w
¼
at z ¼ 0
@t
@z

(8)

is imposed. Also, the incompressibility condition for the liquid yields
!
@2
@2
@2
w ¼ 0;
(9)
þ
þ
@x2 @y2 @z2

For the typical size of the horseshoe-shaped structures
employed here (60 lm  70 lm  100 lm), it is experimentally observed that the amplitude of interface oscillation,
5–8 lm, is much smaller than the depth (h), 100 lm. In these
cases, the variations in pressure can be written in terms of
the average displacements or velocities similarly to the case
of a kettledrum.37 Hence, the pressure variations are quantified by their root mean-squared spatial average over the
interface area. For a small perturbation of the interface, the
variations in pressure across the interface are balanced by
the surface-tension forces18 as represented by

 D E
@u
@w
@vz
r
¼
¼ rhSmn;xx þ Smn;yy i: (13)
q2  q1  2g
@z
@t
@t
R
D E
Here, vz ¼ @w
@z at z ¼ 0 denotes the velocity at the interface.
The first two terms in Eq. (13) denote the backpressure
induced by the fluids in regions 2 and 1, respectively, due to
the interface oscillations while the third term gives the effect
of viscosity. In order to determine the minor effects of viscosity on interface behavior, we perform a perturbation analysis
of frequency similar to established methods.17,20,22,33,35
Hence, the temporal damping constant ðaÞ and undamped resonant frequency (x0 Þ are related to the complex angular resonant frequency ðxmn Þ by
xmn ¼ x0  ia:

Using Eqs. (6), (7), (10), and (13) in Eq. (14), the angular
resonant frequencies are given by
rﬃﬃﬃﬃﬃ
r 3=2
2gk1 2
k1 þ i
;
(15)
xmn ¼
qe
qe
1

where k1 ¼ ke ¼ ½kx 2 þ ky 2 2 is the effective wavenumber
and qe ¼ q1 ðZZ11þZ2 Þ is the effective density. Thus, the resonant
frequencies (fmn ) of the interface are
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3=4


1
rpZ1
m2 n2
gpZ1
m2 n2
fmn ¼
:
þ
þ i
þ
q1 ðZ1 þ Z2 Þ a2 b2
2 q1 ðZ1 þ Z2 Þ a2 b2

which shows that w satisfies the Laplace equation. On solving Eqs. (7)–(9), we obtain the velocity potential w
wmn ðx; y; zÞ ¼ 

Qmn x k1 z
e cosðkx xÞcosðky yÞeixt :
k1

(10)

(16)
The spatial damping ðbÞ is related to the complex wavenumber form as follows:17,20,22,32,35
k1 ¼ k0  ib:

1

Here, k1 ¼ ½kx 2 þ ky 2 2 denotes the wavenumber in region 1
in the z direction. The relation between the wavenumbers,
k1 , k2 , can be determined from the continuity condition in
the z direction37 across the interface given by
k1 Z 2 q 1
¼
; Z1 ¼ q1 c1 ;
k2 Z 1 q 2

Z 2 ¼ q 2 c2 ;

(11)

where Z1 and Z2 are the acoustic impedances and c1 and c2
are the speeds of sound for the fluids in regions 1 and 2,
respectively. For a two-dimensional near-flat interface, the
radius of curvature (R) can be approximated38
1
¼ r2 S ¼ ðSmn;xx þ Smn;yy Þ:
R

(12)

(14)

(17)

The effect of viscosity on the system is determined in terms
of the spatial and temporal damping constant ðaÞ. For the
wavenumber k1 , using a Taylor series expansion with respect
to x and retaining only the first-order term, the relation
between spatial damping constant (bÞ and temporal damping
constant ðaÞ can be expressed as17,34
b¼a

@k0
2gx0 2 gk1 3
¼
¼
:
@x0
3r
6qe

(18)

Although experiments are conducted employing a rectangular horseshoe structure to obtain closed-form results, we
extend the theory to derive the resonance characteristics of
an interface trapped across a different, but simple,
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geometrycylinder. Here, the interface is assumed to be
pinned over a circular-cylindrical horseshoe-shaped structure
of circular cross-section radius c. For a cylindrical coordinate
system, the velocity potentials for the gas inside the horseshoe structure, uc ; the liquid outside the horseshoe structure,
wc ;39 and the interface amplitude, Sc are given as
ucvh ðr; h; zÞ ¼ i

Qvh x kh z
e Jv ðkh rÞ½A1 cosðvhÞ
kh

þ A2 sinðvhÞeixt ;
wcvh ðr; h; zÞ ¼ i

(19)

Qvh x kh z
e Jv ðkh rÞ½A1 cosðvhÞ
kh

þ A2 sinðvhÞeixt ;

(20)

and

TABLE I Relevant physical properties of the various fluids used in the
simulations.

Air
Water
Acetone
Ethanol
Mercury

Density
(kg/m3)

Bulk modulus
(GPa)

Surface
tension (N/m)

Viscosity in
(m N/s m2)

1.18  103
1000.00
791.00
789.50
5430.00

0.00
22.90
0.92
0.90
28.50

…
7.19
23.70
22.27
487.00

…
1.00
0.31
1.07
1.53

enough to display similar wave characteristics in the kHz
range.
B. Resonant frequencies and harmonics

Scvh ðr; h; tÞ ¼ Qvh Jv ðkh rÞ½A1 cosðvhÞ þ A2 sinðvhÞeixt ; (21)
respectively. For the case of an interface pinned to the
boundary, the boundary conditions are
Scvh ðc; h; tÞ ¼ 0;

Jv ðkh aÞ ¼ 0:

(22)

Here, Jv denotes the Bessel function of order v, Qvh is the
amplitude of the interface, and kh , v are the wavenumbers in
the radial and the angular direction, respectively. For an initial small curvature of the interface, the radius of curvature
can be approximated as38


1
c2 ðv2  r 2 Þ v2
2
¼ r Scvh ðr; h; tÞ ¼ Scvh
:
(23)

R
r2
r
For a small perturbation of the interface, the variations in
pressure across the interface are balanced with surface tension forces as


@uc
@wc
@vz r
c2 ðv2  r2 Þ v2
 q1
 2g
¼ ¼ rScvh
:

q2
@t
@t
@z
r
R
r2
(24)
Substituting Eqs. (19)–(23) in Eq. (24), the resonant frequencies can be estimated numerically.
IV. RESULTS AND DISCUSSION
A. Dispersion

For the discussion and analysis presented in this subsection, the properties of the fluids employed for simulations
are shown in Table I. In separate simulations, water, acetone,
ethanol, and mercury are assumed to occupy region 1 of the
microchannel. Region 2 is always assumed to be occupied
by ambient air. The range of frequencies applied in bubblebased microfluidic devices is 5–100 kHz. The corresponding
dispersion relation for the capillary waves is determined
using Eq. (15). The logarithmic dispersion relation and the
temporal attenuation coefficient for these fluids are shown in
Fig. 2. For the dispersion curves shown in Figs. 2(a) and
2(b), the properties of fluids (acetone and ethanol) were close

For an interface bounded by water in region 1 and air in
region 2 over a rectangular horseshoe structure of crosssectional dimensions: 60 lm  65 lm, the resonant frequencies for different oscillation modes (harmonics) are estimated
using the real part of Eq. (16). A plot is shown in Fig. 3(a).
Different mode shapes are shown in Fig. 3(b) where the numbers indicate the mode number.
C. Comparison with experiments

Nine different sized horseshoe-shaped structures were
fabricated, where one cross-section dimension (a) was kept
constant at 60 lm and the other dimension (b) is varied from
30 to 110 lm. Experiments were performed following the
procedure mentioned in Sec. II. A comparison of the first resonant frequencies (f11) from theory and experiments for different cross section width (b) is shown in Fig. 4. Errors,
represented as lines in Fig. 4, are determined by performing
the experiments on three different sets of horseshoe-shaped
structures. For each set of experiments, a new set comprising
nine horseshoe-shaped-structures of the mentioned sizes is
used in micro-channels. A slight deviation is observed
between experimental results and theoretical predictions.
The reason for this can be explained as follows: As the aspect ratio (b/a) deviates from unity, the amplitude of the capillary waves increases and the curvature becomes larger,
thus, violating the assumptions employed to calculate the radius of curvature.
D. Estimation of fluid properties: Surface tension and
viscosity

From the analytical expression for resonant frequencies,
the fluid properties, surface tension, and viscosity can be
determined from Eq. (16). In experiments, using a function
generator, the frequencies are swept from lowest (5 kHz) to
highest (100 kHz), and the amplitude of interface is determined by the high-speed camera. Experimentally, the frequencies that cause a local maximum in amplitude are
considered as resonant frequencies. Based on similar analysis performed elsewhere,22 the surface tension of the liquid
for different gases inside the horseshoe structure can be
determined using
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FIG. 2. Simulated dispersion relations
for the liquid-air interface. The gas
considered in region 2 is air at 25  C.
x is the angular frequency of the interface oscillation, a is the temporal
damping constant
of the wave, and
1
ke ¼ ½kx 2 þ ky 2 2 is the effective
wavenumber.

FIG. 3. Simulated resonant frequencies
for various oscillation modes of the
rectangular-shaped interface. The vertical axis indicates the resonant frequencies for different mode numbers
of the rectangular water-air interface.
Y1, Y2, Y3, Y4, and Y5 denote the 1st,
2nd, 3rd, 4th, and 5th mode number of
the interface in y-direction.


3=2
4q1 ðZ1 þ Z2 Þ 2 m2 n2
r¼
fmn
þ
:
a2 b2
pZ1

(25)

For fluids with unknown viscosities, the microsystem can be
triggered at a known resonant frequency (of the interface)
and turned off. The decay in amplitude of oscillation of the
bubble, post trigger, can be measured and the viscosity can
be estimated using Eq. (18). A plot for the decay in amplitude of the bubble is shown in Fig. 5.
E. Microstreaming

The microstreaming phenomenon, which enhances
mixing and facilitates generation of concentration gradients,

is also observed near the interface (Fig. 6(a)). Early works
have explained this phenomenon based on velocity potentials
and stream functions.40,41 More recently, a detailed analysis
has been done for microchannels using perturbation theory
accounting the effects of second-order velocity.42–45 Using
these theories40–45 for the velocity potentials determined in
our analysis, streaming velocities in the presence of a horseshoe structure-bound interface are determined. Fig. 6 demonstrates the development of streamlines in the presence of an
acoustic field. Using the velocity potentials, given by Eqs.
(6) and (10), the streamlines near the interface in both
regions 1 and 2 are plotted in Fig. 6(b). Although streamlines
in the air medium (region 1) are not visible through the
microscope, these can be examined through simulations,

FIG. 4. Comparison of experimentally
determined resonant frequencies with
theory for different cross-section
dimension (b) of the horseshoe-shaped
structure. The fixed dimension (a) is
60 lm. In these experiments, region 1
is filled by water and region 2 by air.
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FIG. 5. The simulated decay in bubble
oscillation amplitude for a viscous medium at resonance frequency is shown
in red. This simulated result is examined for the horseshoe structure
designed in experiments described in
sub-section (e). The blue line indicates
the decrement in amplitude of bubble
oscillation.

shown in Fig. 6(b). Fig. 6 indicates that our theory can qualitatively predict the flow patterns generated by an oscillating bubble trapped inside a horseshoe structure. The
discrepancies between the experiments and simulations can
be attributed to the fact that the horseshoe structure was
assumed to be present in an infinite medium. Also, the
width of the horseshoe structure boundaries was assumed to
be infinitesimally thin. Future research will aim to address
these issues and design more effective lab-on-a-chip systems by considering a time-domain three-dimensional
simulation.
V. SUMMARY

In conclusion, the resonant frequencies for bubbles
trapped in solid structures have been estimated theoretically.
The theoretical results match well with experimental data.
The dispersion relations for the trapped-bubbles have been
derived. We have shown that by estimating the resonant frequencies from both experiments and theory, the physical
properties of fluids, such as surface tension and viscosity,
can be determined. We expect that the analysis presented
here will be valuable in designing and fabricating more
effective bubble-based microfluidic systems. Future work
will focus on developing theoretical models accounting for
higher curvatures of interface and the diffusion of air.

FIG. 6. Streamlines illustrated in the presence of an acoustic field. (a)
Experimentally observed acoustic streaming around the air-water interface.
(b) Simulated streamlines based on derived velocity potentials. Lines shown
represent streamlines at natural frequency (f11) near an air-water interface
bound over the horseshoe structure of dimensions a and b: 65 and 70 lm,
respectively. Box is shown only to correlate the experimental and simulated
streamlines in water (region 2).
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