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Abstract. This study was aimed at using the theory for two-dimensional phononic crystal consisting
of materials with general anisotropy to calculate the band gaps phenomena in Aluminum/Barium
sodium niobate (Y-cut) with hexagonal lattice and Quartz/Epoxy with square lattice phononic
structures. Wave propagation properties of solids in which the periodic modulation occurs along the
bounding surface has been discussed in this paper. Especially surface and bulk acoustic wave
properties of solids were studied in both square and hexagonal lattices consisting of isotropic, trigonal,
and orthorhombic symmetry materials. From the previous laboratory study, we confirmed that the
widths of the frequency band gap were strongly affected by the filling ratio, density, and elastic
constants matching ratios. In this study, the results have shown that surface wave band gaps could be
found along a specific direction. In the materials we investigated in this paper, we found that there is
no full band gap for surface waves. Instead, full band gap for bulk acoustic wave can be obtained for
transverse polarization mode. Results of this paper can serve as a basis for both numerical and
experimental investigations of phononic crystal related structures.

Introduction

The existence of complete band gaps of electromagnetic waves in photonic structures extending
throughout the Brillouin zone has demonstrated a variety of fundamental and practical interests.[1,2]
This has led to a rapid growing interests in the analogous acoustic effects in periodic elastic structures
called the phononic crystals. Surface wave propagation on layered superlattices with traction free
surface parallel to the layers has been explored extensively in the past.[3] However, investigations on
surface wave properties of solids in which the periodic modulation occurs on the traction free surface
has not started until recently.[4-8] Vinces et al.[4,5] studied experimentally the surface waves
generated by a line-focus acoustic lens at the water-loaded surfaces of a number of two-dimensional
superlattices that intersect the surface normally. Propagation of Scholte-like acoustic waves at the
liquid-loaded surfaces of period structures has also been studied.[6]

The superlattices considered in Refs.[4-6,8] are of isotropic materials. As for superlattices consist
of anisotropic materials, Tanaka and Tamura [7] reported detail calculations for surface waves on a
square superlattice consisting of cubic materials (AlAs/GaAs) and many salient features of surface
waves in two-dimensional superlattices have been described. In addition, Tanaka and Tamura[8] also
reported detail calculations for surface waves on a hexagonal superlattice consisting of isotropic
materials (Al/polymer).

For the analysis of bulk acoustic waves [9-15], Kushwaha et al.[9] reported the first full
band-structure calculations of the transverse polarization mode for periodic, elastic composite. In the
Ref.[10], Kushwaha et al. calculated the band structures for the transverse polarization modes of
nickel alloy cylinders in aluminum alloy host, and vice versa. They also investigate the dependence of
spectral gap on the filling fraction and on the material parameters. Kafesaki et al.[11] reported the
multiple-scattering theory (MST method) for three-dimensional periodic acoustic composites.
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Garcia-Pablos et al.[12] used the FDTD method to interpret experimental data for two-dimensional
systems consisting of cylinders of fluids (Hg, air, and oil) inserted periodically in a finite slab of Al
host. Psarobas and Stefanou[13] calculated the band structure of a phononic crystal consisting of
complex and frequency dependent Lame’ coefficients. Zhengyou Liu et al.[14] extended the
multiple-scattering theory for elastic waves by taking into account the full vector character, and
presented a comparison between theory and ultrasound experiment for a hexagonal-close-packed
array of steel balls immersed in water. Jun Mei et al.[15] reported the same method in Ref.[16] to
extend the method in the case of cylinders. However, the bulk waves analysis in phononic structures
among the Refs.[9-15] are of isotropic materials only.

In this paper, we extended Ref.[7] to study phononic band gaps of elastic/acoustic waves in
two-dimensional Aluminum/Barium sodium niobate (Y-cut) (Ba,NaNbsO,;s) with hexagonal lattice
and Quartz/Epoxy with square lattice phononic structures. The explicit formulations of the plane
harmonic bulk wave and the surface wave dispersion relations in such a general phononic structure
are discussed based on the plane wave expansion method.

Equations of Motion of 2-D Phononic Crystals

In an inhomogeneous linear elastic anisotropic medium with no body force, the equation of motion for
the displacement vector u(r,z) can be written as
P, (r,t)=9,[C,,, (r)d,u, (r,1)] (1)

where r =(x,z)=(x,y,z)is the position vector, p(r), C

ijmn

(r) are the position-dependent mass

density and elastic stiffness tensor, respectively. In the following, we consider a phononic crystal
composed of a two dimensional periodic array (x-y plane) of material A embedded in a background
material B. Due to the spatial periodicity, the material constants, p(x), C,. (x) can be expanded in

ijmn

the Fourier series with respect to the two-dimensional reciprocal lattice vectors (RLV), G =(G,,G,),
as

px)=> e pg 2)
G
C,jmn (X) — zei(}.xcgmn (3)
G

where p; and CZ™ are the corresponding Fourier coefficients.
On utilizing the Bloch theorem and expanding the displacement vector u(r,s) in Fourier series for
bulk wave analysis, we have

U(r,t) — zeik-x—iwr (eiG-xAGeikZZ) (4)
G

where k = (k,,k,) is the Bloch wave vector, @wis the circular frequency and k, is the wave number

along the z-direction, Ag is the amplitude of the displacement vector. We note that as the component
of the wave vector k_ equals to zero, Eq. (6) degenerates into the displacement vector of a bulk

acoustic wave.
Substituting Egs. (2), (3) and (4) into Eq. (1), and after collecting terms systematically, we obtain
the generalized eigenvalue problem

(Ak>+Bk, +C)U=0 (&)
where A, B and C are 3nx3n matrices and are functions of the Bloch wave vector k , components of
the two-dimensional RLV, circular frequency @, the Fourier coefficients of mass density p, and

components of elastic stiffness tensor CJ™. n is the total number of RLV used in the Fourier

expansion and U=[A,. A’ A% is the displacement vector. The expressions of the matrices are
listed in Ref.[18, 19].
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Eq. (5) is more complicated than that of the two-dimensional phononic crystal with cubic
symmetry given by Tanaka and Tamura [7] in such a way that the coefficient matrix B is not vanished.
However, it can be solved by introducing V =k U and rewritten in the form as[9]

{— :-lc J—m}ﬂzk{ﬂ (©)

Bulk and Surface Waves in 2-D Phononic Crystals

It is worth noting that the case of bulk wave is a special case of Eq. (5). When &, in Eq. (5) is equal to

zero, the equation degenerates into the eigenvalue problem of bulk waves as

CU=0 (7)
The dispersion relations of bulk waves propagating in two-dimensional phononic crystals with both
the filling material and the background material belong to the triclinic system; can be obtained by
setting the determinant of matrix C equal to zero.

For material with symmetry higher (and equal to) than orthorhombic symmetry, the matrix C can
be decoupled into two different polarization modes as

MY — RV o .
o6 Za) o6 2 oo 2 A(Z; = O (8)
L(G’)G, M éé - a)zR((;’g, Al
for mixed polarization modes (i.e., longitudinal (L) and shear horizontal (SH)) and
(M3 - RS [ 4 ]=0 ©

for shear vertical (SV) modes with polarization of the displacement along the z direction (i.e., the
filler’s length direction). The expressions of the components in Eqs.(8) and (9) are listed in Ref.[18,
19].

It is worth noting that for material with symmetry lower than orthorhombic symmetry, the matrix C
can’t be decoupled into two different polarization modes. The full matrix C must be considered and
distinguish different modes as quasi shear vertical modes, quasi shear horizontal modes and quasi
longitudinal modes.

For the case of surface wave, the 6n eigenvalues k" of Eq. (6) are the apparent wave numbers of
the plane waves in the z direction. According to the exponential dependence of z in Eq. (4), the real
part of k" denotes the plane wave propagation in the z direction, and a positive nonvanishing
imaginary part represents attenuation in the z direction. For surface waves propagate in a half space (z
> 0), only 3n eigenvalues, which attenuate in the positive z direction are chosen, i.e., Im (k") > 0.

Accordingly, the surface wave displacement can be expressed as

u(r,t) = z 'ei(k+G)~x—iwt(3zn AGeiki’)z]
G I=1
3n .
— Z 'ei(k+G)-x—ia)t (Z X,Sg)eikf’ &J
G

=1

(10)

where (! is the associated eigenvector of the eigenvalue kz(’ ' The prime of the summation denotes

that the sum over G is truncated up to n. X, is the undetermined weighting coefficient which can be

determined from the traction free boundary conditions on the surface z = 0, i.e.,
T; 1= Ci30,,, 1.4=0 (i=123) (1)
Substituting Eq. (10) into (11), we have
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X
(e)] (2) (3n) 1
Hl,G Hl,G "' Hl,G e
1) (2) (3n) 2 |\
Hyy HYe - HyY | . |=HX=0 (12)
@) (2) (3n) .
H3,G H3,G e H3,G X

3n

where H is a 3nx3n matrix and its components are listed in Ref.[18, 19].
For the existence of a nontrivial solution of X,, the following condition must be satisfied, i.e.,

det(H)=0 (13)
Eq. (13) is the dispersion relation for surface waves propagating in two-dimensional phononic
crystals with both the filling material and the background material belong to the triclinic system. The
relative magnitude of the eigenvectors X, can be obtained by substituting k_ and @, which satisfy Eq.

(13), into Eq. (12).

Numerical Examples

ijmn

The Fourier coefficients, p; and C™ in Egs. (2) and (3), can be expressed as

o,f+o,(1-f) forG=0

G = (14)
(a,—ay)F, forG#0

where a=(p,C"™), f is the filling fraction that defines the cross-sectional area of a cylinder relative

to a unit-cell area, and Fy, is called the structure function defined as

211 ,(G
R (15)

with J,(x) a first order Bessel function.

In this paper, phononic structures with square lattice and hexagonal lattice are considered. These
lattices are consisting of circular cylinders (A) embedded in a background material (B) forming
two-dimensional lattices with lattice spacing a as shown in Fig. la (square lattice) and Fig. 1b
(hexagonal lattice). Figs. 2a and 2b are the Brillouin regions of the square lattice and the hexagonal
lattice, respectively. In the square lattice, the reciprocal lattice vector is G = (22N la, 27N,/ a),

where N,,N, =0,+1,#2,--- and filling fraction is f =(ﬂ7‘02 )/ a® . For anisotropic materials, the

irreducible part of the Brillouin zone of a square lattice is shown in Fig. 2a, which is a square with
vertexes I, X, M, Y. The reciprocal Ilattice vector of a hexagonal lattice is

G =V, /a, 272N, -N,)/\Ba) , where N,,N,=0£1#2,- and filling fraction is
f= (270"02 )/ 34> . The irreducible part of the Brillouin zone of a hexagonal lattice is shown in Fig. 2b,

which is a quadrangle with vertexes I', K, L, Y. The elastic properties of the materials utilized in the
following examples are adopted from Ref.[17].

In this paper, we consider a phononic structure consisting of circular cylinders of Al embedded
in a background material of Y-cut barium sodium niobate forming a two-dimensional hexagonal
lattice. The material of the filling cylinders is isotropic aluminum and the base material is barium
sodium niobate with orthorhombic symmetry. In the following calculations, the x-z plane is parallel to
the (001) plane and the x-axis is parallel to the [100] direction of barium sodium niobate. The filling
fraction is f = 0.6.

Shown in Figure 3 are the dispersion curves of the bulk modes and surface acoustic modes of the
Al/Barium sodium niobate (Y-cut) phononic structure with hexagonal lattice. The vertical axis is the

normalized frequency @ = @a/C, and the horizontal axis is the reduced wave number k" =ka/7 .

As the elastic waves propagate along the x axis, the nonvanishing displacement of the shear
horizontal mode, shear vertical mode and longitudinal mode are u,, u, and u, respectively. For the
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Fig. 1. Phononic structures with square lattice (1a) and hexagonal lattice (1b)
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Fig. 2. Brillouin zone of the square lattice (2a) and the hexagonal lattice (2b)



http://www.scientific.net/feedback/24676
http://www.scientific.net/feedback/24676

1124 Advances in Nondestructive Evaluation

Title of Publication (to be inserted by the publisher)

4.5
4 +—
35
%_-
8 31
>
2
o 25 -
o
o
L
e] 2 -
@
N
©
g 15
5 SAW modes
P PSAW modes
1+ Shear horizontal modes (SHO)
Higher shear horizontal modes (SH1)
Longitudinal modes (L)
05 Shear vertical modes (SVO, SVA)
0\\\\\\\\\‘\\\\\\\\\‘HH\HH

r K L Y r
Reduced Wave Vector (ka/r)

Fig. 3. Dispersion Relations of BAW & SAW modes (Al/Barium sodium niobate
(Y-cut), f = 0.6, Hex.)

Dispersion Relations of BAW, Cylinder: Quartz / Epoxy /f = 0426, sq.

40 e hccace et ety oe®T Ve, Fe e,
L4 . LTI T *s *
sanev>tl, sooor TR RS, &

[0 + + Pey 11

e . + - . +

i o hosseee®’ ¢0°°’°°:=:.. b I * L °°°t".§’ b3

+ - rrs

35 *eaisie® e# ¥ breseasett? -
AT TTTE L Loty

°°°o¢¢o¢o¢°°
- L]
330003.....9....0.$:°
e

- -t
-
. L} .. 2294
o “‘3:“‘*.."”0-000"‘. Toe,
sasee®? 1 “
AT T Lo O -
FES AR TR 89’ bt T i
30 toohaoet? et L LT v tay e, .
— * - *
+ - e b sePerdace - L
* - * - LR *
- LT . ‘e Erre ttueBeg et
eset? ...o LTS LR Ty 13 00.,..:Oo.....,....oooou,. 3.... -
IS T L sete LT . ey FEenen
nt? °°¢¢o°33.ﬂow° . PO hay, Ttegpgenttitirsan, b L T
. spteseniieos b2 Tereess, Pt i T
. .t *33 +33 e -y ey e
25 3‘...9$¢o¢¢°°°°° ey A FEE st s oo tay pes £ 22200 tosbsegy? "oay
e L] LTS toh g e + e
. . st Prosegidisisida sseneg sse
B LL LT TP YLLb DUTSIRS TS LT TPTY Ll seisiitiingeannnteeetay,,  00nibisiisililiig

+
P T 1 4 1
prose C et

a2 S b d ] oY
YT .,..-[twwsooeg.ui.. . LI L3 bl L TN

.....s’.‘38833‘“‘0

Y
-

+ YTy LAl )] - e

o‘.‘oeog §z3::¢¢¢¢ L T

20 Hasgisessssssnsssesssaia

% FEve s
*resgioiiiesct gesnsaersssensed Seppiniiins
LAAED S ST TLALILLL T DY P -

Mt Ll TT T

.
e tons
o FEL02%0004,,,

s
-

susent

Total band gap for quasi shear vertical modes (between SY, and SV}

Mormalized Freguency (oan‘Ct)

LT 1% b 752 3AAN LT YYVUTTe L L 845 P OPTT AN weppeteve
19 Faanes Peesaaiiiiiiiaiin ::::ggﬁ‘:f::::::zsms:::.::zsoo--nsEi:E;gf“m.
°°°¢°° TTTTTTIYTTPeewner Ty L L L LA .....................-.- ....O."... A°¢¢°°°°°°°
10 Total band gap for quasi shear vertical modes (between SV, and SV,)
00;:8083 ::;0”8“ i‘.‘gx."&.oou. ""“‘88“:0”“»“”” "N“u
5 Lo, ¢’.. s\.’..o l....::°°°§ e te 00000000 °°°°°°¢¢°¢¢¢¢39Qg=::.... ven A
[~ & [ ] o el LT Y [ ]
+ °:... :¢°°°°°°°¢ o °°°°°°°:::.'O:¢°o
- . N
§:::¢o°°°° SH, L} Quasi shear vertical modes (5Y) °::§°o
*
Oo‘l’TIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII?"I‘.
T X M Y T

Reduced Wave Vector (kafm)

Fig. 4. Dispersion Relations of BAW modes (Quartz/Epoxy, f = 0.426, Sq.)

sequence modes appear, we distinguish the same type mode as the fundamental, the first and the
second modes et al. For example in Figure 3, the thin solid lines represent the SV bulk acoustic modes
(the fundamental mode is SV and the first mode is SV), and the square symbols are those for the
longitudinal mode (L). The thin dashed line represents the fundamental shear horizontal mode SH,
while the lines with “+” symbols represent the first shear horizontal mode SH;. The longitudinal
modes L are shown as square symbols. It is seen that the dispersion relations in K-L section are almost
symmetric respect to the center of the section (M point in Fig.2(b)). It is worth noting that in the L-Y
section, sharp bends of the dispersion curves occur between SH; and L. modes (T; point) and between
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L and SHy modes (T, point). Therefore, there are mode conversions (SH and L) exist in this phononic
structure with hexagonal lattice.

From Figure 3, the solid circles represent the dispersion relations of the surface wave modes
(SAW) and the open circles are those for the pseudo-surface wave (PSAW) modes. For the
convenience in discussing the interaction of the surface wave and bulk wave, the dispersion of the
surface and bulk modes are shown in the same figure. Result showed that as the normalized frequency
of the surface wave mode lies between the SHyand SH; modes, the surface wave degenerates into the
pseudo-surface wave mode. Unlike the normal surface wave mode, the displacement of the
pseudo-surface wave mode does not decay to zero at large depth. In the present case, one finds that at
K point, there is no surface wave band gap existed. However, along the I' -Y boundary, a
PSAW-PSAW band gap exists at the boundary point Y. The phenomenon showed the characteristics
of an anisotropic material.

In the second example, we consider a phononic structure consisting of quartz circular cylinders
embedded in a background epoxy material of forming a two-dimensional square lattice with lattice
spacing a . Figure 4 shows the dispersion relations of all bulk waves along the boundaries of the
irreducible part of the Brillouin zone with filling ratio f = 0.426. For the quartz cylinders, the matrix C
in Eq. (7) can’t be decoupled into mixed polarization modes and transverse polarization modes. The
similar modes for the different polarizations in this phononic structure are distinguished as quasi
shear vertical modes, quasi shear horizontal modes and quasi longitudinal mode. In Figure 4, the
vertical axis is the normalized frequency and the horizontal axis is the reduced wave number
propagating along full Brillouin zone of a square lattice shown in Figure 2(a). The square symbols
represent the quasi longitudinal modes and quasi shear horizontal modes. The solid circles represent
the dispersion relations of quasi shear vertical modes. We can find that there are three total band gaps
between quasi SV, and quasi SV, between quasi SV, and quasi SV3, and between quasi SV, and

quasi SVs in the normalized frequency range @ =0 ~ 40.

Conclusion

In this paper, we studied the phononic band gaps of surface waves and bulk waves in two-dimensional
phononic structures consisted of general anisotropic materials. The explicit formulations of the plane
harmonic bulk wave and the surface wave dispersion relations in such a general phononic structure
are derived based on the plane wave expansion method. Al/Barium sodium niobate (Y-cut) phononic
structure with hexagonal lattice and Quartz/Epoxy phononic structure with square lattice are
considered in the numerical examples. Total band gap characteristics of the phononic structures with
anisotropic materials are calculated and discussed. It is worth noting that some of the crossing over of
the dispersion curves (apparently) is indeed sharp bends of the dispersion curves. Around this sharp
bend area, the mode exchange suddenly. Results of this paper can serve as a basis for both numerical
and experimental investigations of phononic crystal structures consisted of general anisotropic
materials.
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