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We designed and simulated a beam aperture modifier and a beam deflector using two-dimensional
parabolic gradient-index �GRIN� photonic crystals �PCs�. The GRIN PCs are composed of dielectric
columns with graded radii along the direction transverse to propagation. Both finite-difference
time-domain methods and gradient optics analytical solutions were used to characterize the change
in beam width and propagation direction. Multifunctional GRIN PCs combining both beam aperture
modification and beam deflection were also designed and simulated. These GRIN PC based designs
can be used as optical connectors and bidirectional waveguide couplers in applications such as
miniaturized photonic integrated circuits. © 2010 American Institute of Physics.
�doi:10.1063/1.3499630�

I. INTRODUCTION

Photonic crystals �PCs� are periodically engineered di-
electric structures that can control the propagation of light
analogous to the way solid crystals control the movement of
electrons.1–5 Incident light within specific frequency ranges,
known as photonic bandgaps, are prohibited by the PCs due
to Bragg reflection.6–11 An efficient PC waveguide can,
therefore, be obtained by simply introducing straight or bent
line defects to the PC structures, making use of their low
radiative loss within their bandgap.12–17 Recent studies on
PCs have demonstrated that negative refraction can also be
obtained via the high crystal anisotropy of these artificially
left-handed structures.18–21 Because of their ability to control
the propagation of electromagnetic waves and their compat-
ibility with conventional micromachining techniques, PCs
are promising candidates to assist the development of inte-
grated photonic circuits and on-chip optical processing.22–46

The versatility of PCs in controlling light propagation
can be further enhanced by introducing the concept of
gradient-index �GRIN�.47–58 A conventional GRIN medium
is characterized by a gradual variation in refractive index
along the direction transverse to light propagation. Within
the GRIN medium, light bends gradually toward higher re-
fractive index per Snell’s law, resulting in superior control
over the propagation of light that cannot be achieved by an
ordinary lens.59–63 A GRIN PC can be considered as a dis-
cretized medium wherein each layer has an independent re-
fractive index. Different refractive indices can be realized by
locally adjusting the constitutive parameters of the PC, such
as lattice spacing, dielectric index of fillers, or filling factors.
Recently, effective focusing and collimation of waves has
been achieved by GRIN PCs with linear or parabolic varying

indices.50–56 Furthermore, Centeno et al.57,58 showed that
wavelength-scale mirage and superbending effects can be
obtained by GRIN PCs.

In this letter, we report our investigations using parabolic
GRIN PCs to achieve both beam aperture modification and
beam deflection. Beam aperture modification refers to chang-
ing the width of the incoming collimated radiation within the
PC to a desired value. Beam deflection refers to changing the
direction of an incident beam, which is similar to a specular
reflection. To achieve these two functions �beam aperture
modification and beam deflection�, we have designed PCs
composed of free-standing dielectric columns that are graded
in radius perpendicular to the propagation. In our approach, a
beam aperture modifier was achieved by combining two
parabolic GRIN PCs with different gradient coefficients �Fig.
1�a��, and the beam deflector was realized by using one
GRIN PC �Fig. 1�b��. We used finite-difference time-domain
�FDTD� methods to simulate the electromagnetic wave
propagation through the PCs.63 Our results indicate that the
output width of the beam aperture modifier can be controlled
by changing the ratio of gradient coefficients. The results
also indicate that the output beam angle from the beam de-
flector can be controlled by changing the length of the PCs.
We supplemented the simulations with analytical solutions
based on Gaussian optics; this provides simple yet effective
means to determine the expected beam width and angle for
various input parameters. The comparison between the ana-
lytical solutions and the FDTD indicate that the results from
these two approaches match well with each other.

II. BEAM APERTURE MODIFIER

The GRIN PCs used in our investigation are composed
of a square array of silicon dioxide columns ��=2.5� in air
with a fixed lattice spacing, a. For a column-radius changing
from 0.05a to 0.45a in increments of 0.05a, we calculated
the dispersion relations by considering a single unit cell with
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Bloch periodic boundary conditions in a 2D FDTD
simulation.63 Harmonic inversions of time signals were used
to extract the frequency modes. Figure 2�a� shows the dis-
persion relations along �� orientation in wave vector space.
The effective refractive index of the PCs can be obtained by
the relationship Ng=c / ��k��k��, where c is the light velocity
in vacuum, � is the angular frequency, and k is the wave
vector. Thus the change in Ng as a function of radius can be
obtained once an operating frequency is fixed. Figure 2�b�
shows the Ng-r /a relation at normalized frequency of 0.18 �if
lattice constant a=280 nm, then the working wavelength is
1.55 �m�.

As shown in Fig. 1�a�, our beam aperture modifier con-
sists of two parabolic GRIN PCs, PC1 and PC2, with differ-
ent width and gradient coefficients. For normalized frequen-
cies below 0.28, the equal-frequency contours for different
r /a are nearly circular with anisotropic ratios �ra

=Ng�X /Ng�M� less than 1.02. Therefore, the PCs used in this
work can be approximated as isotropic media �Figs. S1 and
S2 in Ref. 66�. The parabolically varying refractive indices
in both PCs are given by the function, N2�y�=N0

2�1−�2y2�,
where N0=1.406 is the refractive index along the center axis
�x axis� of the PC, y is the transverse distance to x axis in the
unit of lattice constant a, and � is the gradient coefficient.
There are 31 rows in PC1 and 11 in PC2, making the y range
�−10a ,10a� and �−5a ,5a� in PC1 and PC2, respectively. Gra-
dient coefficients �1=0.0512 and �2=0.1367 were chosen
for PC1 and PC2, respectively, and radii values for the re-
quired distribution of refractive indices were then calculated
according to the fitting curve shown in Fig. 2�b�. In Fig. 2�c�,
we plot the effective refractive index and radius distributions
in the proposed beam aperture modifier.

We further used a FDTD method to simulate the electro-
magnetic wave propagation throughout the GRIN PCs. Ac-
cording to Gaussian optics, in a parabolic GRIN medium, it
takes a length of � / �2�� for an input Gaussian beam-source
to focus or for a point-source to collimate.60,64 In this case,
the beam width is expected to achieve a minimum value after
it goes through PC1. Then the beam diverges through PC2

until its width reaches a maximum value. Therefore, the
lengths of the PCs were set to be � / �2�� �l1=31a for PC1

and l2=11a for PC2�. A Gaussian beam of width 20a is lo-
cated 1a in front of PC1 and is centered at the x axis as the
source. The magnetic field is confined in the x-y plane. The
structure is surrounded by a perfectly matched layer �PML�
of a thickness of 2a.

FIG. 1. �Color online� Schematic of �a� a beam aperture modifier and �b� a
beam deflector based on GRIN PCs. The radii of the dielectric columns
change transversely to the light propagation direction, forming parabolic
GRIN PCs.

FIG. 2. �Color online� �a� Dispersion relations of PCs with different radii. �b� Variation in Ng with radii at a normalized frequency of 0.18 obtained from
FDTD calculation �dots� and fit to the data �solid line�. Refractive indices �solid lines� and radii �dots� distribution of �c� beam aperture modifier and �d� beam
deflector.
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Figure 3�a� shows the FDTD-simulated steady-state
electric field. As expected, the incident light focused first at
the end of PC1 and diverged again throughout PC2 with a
different beam width. The aperture ratio, v=w2 /w0, is used
to quantify the beam aperture modification, where w2 and w0

are the full widths at half maximum of the incident and trans-
mitted light. The normalized electric intensity distribution at
x=0a, x=31a, and x=42a are shown in Fig. 3�b�. According
to the electric intensity distribution at x=0a and x=42a, an
aperture ratio of v=0.3896 is obtained.

We have also obtained analytical expressions of the
beam trajectory and the beam width �as shown in Fig. 3�a��.
When the waist of the light beam is located at the input face
of the GRIN PCs and the curvature radius of the beam profile
at the input face is close to infinity �R0→	�, the beam width
�2w�x�� of the light propagating in the parabolic GRIN me-
dium is described by:61

2w�x� = 2w0�cos2 �x +
sin2 �x
2

�2�2N0
2w0

4 , �1�

where 2w0 is the beam width of the Gaussian beam source
and 
 is the normalized wavelength. The curvature radius
R�x� of the beam profile is determined by the following
equation:61

1

R�x�
=

n0sin �xcos �x

cos2 �x +
sin2 �x
2

�2�2N0
2w0

4

� 
2

��2N0
2w0

4 − �� . �2�

When the light enters PC2, the curvature radius is not infinite
so the beam width in PC2 cannot be calculated using Eq. �1�.
The equation in this case is:61

2w�x� = 2w1�� sin �x

�N0R1
+ cos �x�2

+
sin2 �x
2

�2�2N0
2w1

4 , �3�

where R1 is the curvature radius of the beam at the input face
of PC2 and 2w1 is the beam width at the input face of PC2,
which can be calculated by using Eqs. �1� and �2�. Analytical
Eqs. �1�–�3� give the theoretically calculated ratio va

=�1 /�2= �0.0512 /0.1367�=0.3745. This value is only 5%
different from the aperture ratio of the FDTD simulation
�0.3896�. This small deviation is likely caused by the fact
that the PC cannot form a continuously parabolic gradient

index profile, whereas a perfectly parabolic gradient index
distribution is assumed in the calculation. Even though the
device is designed at a normalized frequency of 0.18, it can
achieve beam aperture modification for normalized frequen-
cies between 0.135 and 0.28 �Fig. S3 in Ref. 66�.

We can further enhance the beam aperture modification
by enlarging the difference between �1 and �2. The value of
�2 can be enlarged by narrowing PC2. Through changing the
ratio �1 /�2, we can modify the output beam width. The
ratio �1 /�2 can also be written in the form
���N0

2−N1
2� ·Y2

2� / ��N0
2−N2

2� ·Y1
2�, where Y1 and Y2 are the

width of PC1 and PC2, and N1 and N2 are the smallest refrac-
tive indices of PC1 and PC2, respectively. In a design where
N0=1.406, N1=1.229, N2=1.025, Y1=31a, and Y2=11a, we
can achieve an aperture ratio as small as 0.15 based on the
FDTD simulated results.

III. BEAM DEFLECTOR

In the design of the beam deflector, the number of rows
is set to be 17, making the y range �−8a ,8a�. The gradient
coefficient of the beam deflector is �=0.06406. The index
and radii distribution is shown in Fig. 2�d�. The total length
of the beam deflector is l=48a. During light propagation, the
propagation direction will be refracted while the beam fo-
cuses and then diverges to its original width. In the FDTD
simulation, the Gaussian beam of width 10a is located 8a in
front of the PCs centered at y=−3a. The incident angle is
15°.

Additional equations are needed for analytical calcula-
tion of the beam path when the source light enters at an
incident angle. The trajectory of the beam in a parabolic
GRIN medium at any x value is determined by the incident
position, y0, the incident angle, �0, the coefficient of gradi-
ent, �, and the x value, as described by:65

y�x� = y0 cos �x +
�0

�
sin �x , �4�

According to Eq. �4�, the slope of the trajectory, which is the
tangent of the beam inclination angle, is predicted by the
following equation:

FIG. 3. �Color online� �a� FDTD simulation of the electric field in the beam aperture modifier. The line shows the beam trajectory derived from analytical
expression. �b� Normalized electric field intensity distribution of the beam aperture modifier at x=0a, x=31a, and x=42a.
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tan ��x� =
dy

dx
= − y0� sin �x + �0 cos �x , �5�

Figure 4�a� indicates that GRIN PC can successfully be used
to bend the light propagation direction. To quantify the bend-
ing effect, emergent angle �end was defined as the angle be-
tween the emergent light propagation direction and the x
axis. Emergent light propagation direction was defined as the
direction normal to the cross-section in which the transmitted
beam had a normalized intensity distribution most similar to
that of the incident beam. �end was calculated to be �15.1°,
indicating that the light was deflected by 30.1°. Figure 4�b�
shows that before �line 1� and after �line 2� the deflection, the
normalized intensity distribution remains nearly identical.
The beam deflector can maintain the deflection performance
for normalized frequencies between 0.135 and 0.28 �Fig. S4
in Ref. 66�.

The emergent angle can also be calculated theoretically
using Eq. �5�. In this case, the length is � /�, so the �end_a

=−�0=−15°. By using different lengths of the beam deflec-
tor, according to Eq. �5�, we can also obtain different “refrac-
tion angles.” For instance, the PC can be a deflector if the
length is �2n�+�� /� �here n can be any positive integer�,
which means �end_a=−�0. If the length is 2n� /�, then
�end_a=�0, which means that the light propagation direction
stays the same while the light is shifted along the length of
PC.

IV. MULTIFUNCTIONAL GRIN PC

Since both beam aperture modification and beam deflec-
tion are obtained by using parabolic GRIN PCs, we can com-
bine these two designs to achieve multifunctional PCs with
both functions operating simultaneously. Using the beam
source employed in the beam deflection and the PCs for
beam aperture modification, we simulated the combination
effect using the FDTD method �Fig. 5�a��. The normalized
electric intensity distribution of the incident beam and the
emergent beam shown in Fig. 5�b� indicate that this multi-
functional GRIN PC structure can change the beam width
and the propagation direction simultaneously. However,
there are some limitations in this design. Because the width
of PC2 is smaller than that of PC1, if the incident light beam
is too wide or the incident angle is too large, some of the
light will propagate outside the PCs, leading to radiative loss.
For example, in the design shown in Fig. 5, when the inci-
dent angle is enlarged to 25° or greater and the incident beam
width is 14a or greater, there will be significant radiative
loss. This multifunctional GRIN PCs operates for normalized
frequencies between 0.153 and 0.28 �Fig. S5 in Ref. 66�.

V. SUMMARY

We have designed a beam aperture modifier and a beam
deflector using parabolic GRIN PCs. The performance of
these GRIN PC-based devices was simulated and analyzed
through both FDTD-based computational methods and gra-

FIG. 4. �Color online� �a� FDTD simulation of the electric field in the beam deflector. The line shows the beam trajectory derived from analytical expression.
�b� Normalized electric field intensity distribution of the beam deflector along line 1 and line 2.

FIG. 5. �Color online� �a� FDTD simulation of the electric field in the multifunctional PCs. The line shows the beam trajectory derived from analytical
expression. �b� Normalized electric field intensity distribution of the multifunctional PCs along line 1 and line 2.
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dient optics-based analytical solutions. We have also de-
signed a multifunctional GRIN PC combining both functions
�beam aperture modification and beam deflection�. Com-
pared with the conventional approaches, the GRIN PC-based
beam aperture modifier and beam deflector described here
can be conveniently fabricated down to the micrometer scale.
They can be used as connectors and bi-directional couplers
and have promising potential in applications such as inte-
grated photonic circuits and laboratory on a chip.
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