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We report the design of a two-dimensional gradient-index phononic crystal !GRIN PC" structure,
which effectively demonstrates the “acoustic mirage” effect on the wavelength scale. Using the
GRIN PC, the propagating direction of acoustic waves can be continuously bent along an arc-shaped
trajectory by gradually tuning the filling ratio of PCs. We investigate the acoustic mirage effect
through both plane wave expansion and finite-difference time-domain methods. By controlling the
incident angle or operating frequency, the arc-shaped trajectory of acoustic wave propagation can be
dynamically adjusted. The GRIN PC structure is composed of steel cylinders, positioned in a square
lattice, and immersed in an epoxy. It can be fabricated through a simple process and seamlessly
integrated with existing acoustic devices. In addition, we establish that such an acoustic effect can
be used in the design of tunable acoustic waveguides, which could find applications in acoustic
switching, filtering, and biosensing. © 2009 American Institute of Physics.
#doi:10.1063/1.3213361$

I. INTRODUCTION

Understanding how waves bend under specific condition
may reveal a new realm of effective optical/acoustical de-
vices such as on-chip waveguides, filters, and multiplexers.
As described by Snell’s law, an atmospheric refractive-index
gradient due to temperature variation can bend light waves to
project a false image above or below a real object.1 This
phenomenon, known as the optical mirage, is analogous to
the acoustic mirage where sound-speed gradients due to tem-
perature, pressure, or salinity can guide acoustic waves trav-
eling in seawater along a bowed trajectory toward lower
sound-speed regions.2 Originally only observed in nature on
the kilometer scale due to the low gradient rate of refractive
index or sound speed with respect to distance, recent studies,
led by Centeno et al.,3 demonstrated the optic mirage on the
wavelength scale by introducing a sharp refractive-index gra-
dient into the medium. With the potential to transform cur-
rent acoustic communication systems, the study of the
wavelength-scale acoustic mirage effect, an emerging field of
acoustics with little prior exposure, holds great promises for
realizing acoustic switches and waveguides where a tunable,
curved propagation pathway is adapted to control the desti-
nation of acoustic waves.4

In this work, we demonstrate the wavelength-scale
acoustic mirage effect using a two-dimensional !2D"
gradient-index phononic crystal !GRIN PC" structure. The
design of the 2D GRIN PC structure is detailed in Sec. II. By
controlling the incident angle or operating frequency, the 2D
GRIN PC can dynamically adjust the curved trajectory of
acoustic wave propagation. We calculated the equal-
frequency contours !EFCs" in each row of the GRIN PC for
the shear vertical !SV"-mode bulk acoustic wave !BAW" by
a plane wave expansion !PWE" method to predict the propa-

gation trajectory of acoustic waves. In addition, we simu-
lated SV-mode BAW propagation within the GRIN PC by a
finite-difference time-domain !FDTD" method. The angular
and frequency sensitivities of the acoustic mirage effect were
studied. Last, we demonstrated a tunable acoustic waveguide
whose guiding path can be tuned by switching working fre-
quencies !Sec. III".

II. ACOUSTIC MIRAGE IN A GRIN PC

To introduce a tunable acoustic-velocity gradient capable
of exhibiting the acoustic mirage effect on the wavelength
scale, we used periodically distributed structures, called PCs,
because of their ability to manipulate the wavelength-scale
propagation of acoustic waves.5,6 By varying constitutive pa-
rameters of the PCs, one can achieve complete phononic
bandgaps where the propagation of acoustic waves inside the
structure is forbidden.7–13 This principle has been used to
engineer acoustic waveguides by introducing straight- or
bent-line defects to PCs.14–18 In a different approach, one can
employ the anisotropic properties of PCs to redirect acoustic
beams in the conducting bands. It is known that when an
acoustic-velocity mismatch exists between a homogeneous
slab and its surrounding medium, refraction occurs at the
entrance and exit interfaces of the slab. The amount of beam
bending is dependent on the velocity difference, and it can be
investigated through the study of EFCs in the wave-vector
space. The direction of propagation is given by the group
velocity of the acoustic wave beam and is normal to EFCs:
vg="k!!k", where ! is the angular velocity and k is the
wave vector. In contrast to the circular EFCs of a homoge-
neous, isotropic medium, the shape of the EFCs of a PC can
be highly anisotropic and frequency dependent when the
acoustic wavelength is on the scale of the structure’s period-
icity. As a result, large bending effects such as negative re-
fraction and self-collimation can be realized in PCs set at
designated frequencies.19–24 By calculating the effective
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acoustic velocity for the propagation wave mode of a PC
from its EFCs, one can readily predict the direction of refrac-
tion using Snell’s law if anisotropy of the PC was
negligible.3,25,26 However, in the present PC-based applica-
tions, once the direction of refraction is determined, the re-
fracted acoustic waves propagate along a straight line
through the PC structure until entering a medium of different
acoustic velocity. Thus, the existing PC-based structures can-
not redirect acoustic waves continuously. In order to achieve
a bent path for acoustic wave propagation, the direction of
the group velocity must be successively modified during the
propagation.

In this work, we demonstrate the acoustic mirage effect,
continuous bending of acoustic waves along an arch-shaped
trajectory, using GRIN PCs. Inspired by GRIN optics,3,25,26 a
GRIN PC !Ref. 27" is an engineered PC with a gradual varia-
tion of the constitutive parameters #e.g., filling ratios !FRs",
material properties, or inclusion geometry$, which produces
an acoustic-velocity gradient along the variation. For ex-
ample, since the band structure of a PC is highly sensitive to
the variation of its FR,24,25,27 the shape of the EFCs of a PC
can be deformed by changing the inclusion radius. As a re-
sult, the acoustic velocity and refraction angle of the acoustic
beam can be tuned.

As illustrated in Fig. 1, a 2D GRIN PC of a one-
dimensional gradient is a discretized medium that can be
thought of as a composite of multiple single-layer PCs of
different FRs. When an acoustic beam propagates through a
2D GRIN PC, it encounters redirection at every virtual inter-
face between layers, resulting in consecutive reorientations
of the acoustic beam inside the structure. Thus, by gradually
modulating the constitutive parameters of a GRIN PC, one
may create an arc-shaped trajectory for acoustic wave propa-
gation. The results presented in this work are restricted to an
inclusion-radius gradient, but the concept can be employed
for the inclusion-property or lattice-spacing gradients as
well.

We first studied the effect of the FR variation on the
deformation of EFCs of 2D PCs. Figure 2!a" shows the cal-
culated band structure for the SV-mode BAW of three
square-lattice PCs !PC1, PC2, and PC3" with perfect period-
icity, each consisting of steel cylinders embedded in epoxy.

Their FRs were 1.2%, 3.4%, and 6.7%, respectively. The
band structure was obtained using a PWE method,8,10,11 as-
suming PCs were infinitely periodic in the x and y directions
while the SV-mode waves were polarized along the z direc-

FIG. 1. !Color online" A smooth redirection of the acoustic wave propaga-
tion can be achieved by a GRIN PC where each layer can be considered an
independent PC of different FR.

FIG. 2. !Color online" !a" Band structure for the SV-BAW mode of three
PCs with FRs of 1.2% !PC1", 3.4% !PC2", and 6.7% !PC3". !b" 3D disper-
sion curves of the second band for the SV-BAW mode of PC1 and PC3. The
red and black curves represent the EFCs at a reduced frequency of 0.79. !c"
EFCs at a reduced frequency of 0.79, for epoxy and PCs with three different
FRs !1.2%, 3.4%, and 6.7%". The dotted arrow represents the incident di-
rection. The solid line represents the construction line plotted for an incident
angle of 10°. The solid arrows represent the direction of each group velocity.
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tion !the cylinder axis". The frequency was reduced by a
factor of 2"C /!a, where a is the lattice spacing of the struc-
ture and C is the transverse speed of sound in epoxy. The
material properties for steel were #=7.78 g /cm3, CL
=5.83 km /s, and CT=3.23 km /s; and those for epoxy were
#=1.14 g /cm3, CL=2.55 km /s, and CT=1.14 km /s, where
#, CL, and CT correspond to density, longitudinal speed, and
transverse speed, respectively. Figure 2!b" displays the three-
dimensional !3D" dispersion curves of the second band of
PC1 and PC3. The light !red" and dark !black" solid contours
in Fig. 2!b" represent the EFCs of the PCs at a reduced
frequency $=0.79. The bell shape of the dispersion curves
of both PCs implies that the group velocity pointed inwards.
As the FR increased from 1.2% to 6.7%, the peak of the
dispersion curve dropped and the size of the EFC decreased.
As a result, the group velocity within the PC of a higher FR
was greater than that within the PC of a lower FR. Figure
2!c" shows EFCs for epoxy and three square-lattice steel/
epoxy PCs with FRs of 1.2%, 3.4%, and 6.7% at a reduced
frequency of 0.79. The dotted arrow represents the incident
acoustic beam with an angle of 10° with respect to ky. By
considering the conservation of the transverse momentum,
we obtained a construction line #a thin vertical line in Fig.
2!c"$ that intersected with all the EFCs. The refraction direc-
tion of the acoustic beam in each PC pointed in the direction
of the inward arrow, which was normal to the EFC. It is
shown that small perturbations in FR produce a large varia-
tion in the refraction angle. Hence, by steadily increasing the
FR of a PC, one can alter the shape of the EFC from concave
to convex, causing the acoustic beam to gradually redirect
toward the center of the Brillouin zone !%-point".

To find an equation for the approximated curved trajec-
tory of optical/acoustical mirage effects in nature, the Eiko-
nal equation was used to describe the wave propagation in a
piecewise isotropic medium1

"n!u" =
d

ds
%n!u"

du
ds
& , !1"

where u is the ray vector, n is the refractive index, and s is an
elementary path length. Unfortunately, the GRIN PC dis-
cussed here would be very anisotropic when it operates in
the second band of SV-BAW !Fig. 2". As a result, the acous-
tic mirage effect in the GRIN PC cannot be described by the
Eikonal equation. However, it can be predicted from the
shape of the EFC at every layer. As a GRIN PC is not strictly
periodic, the constitutive properties of the structure cannot be
expanded into a Fourier series using Bloch’s theory, and the
global dispersive properties of the whole structure cannot be
obtained by the ordinary PWE method. However, for a weak
gradual variation of the constitutive parameters !e.g., FR",
the local dispersive properties of each row of a GRIN PC can
be approximated by perfect periodic PCs. Therefore, the
curved trajectory of an acoustic beam propagating in a GRIN
PC can be predicted by analyzing the local EFCs of the rows
consecutively crossed by the acoustic beam. Numerical
simulations in the following paragraphs examined this as-
sumption.

To numerically demonstrate this superbending phenom-
enon, we designed a 2D GRIN PC that was composed of

25&12 layers of steel cylinders arranged in a square lattice
and embedded in epoxy #Fig. 3!a"$. The radius of each row
of cylinders increased linearly with the row number !along
the y direction" per the following relation: ry ='!y+1"a,
where '=2.08%. The lattice spacing was 8 mm, and the
material properties were the same as those in the PWE cal-
culations. We anticipated that the propagation of the acoustic
beam inside the GRIN PC would continuously bend due to
the FR gradient. To investigate the propagation of acoustic
waves in the GRIN PC, we simulated the SV-mode BAW by
a FDTD method.15,28 The FDTD program was developed per
the theory of elasticity: The equation of motion and the con-
stitutive law were discretized to simulate wave propagation
in linear elastic materials. A tilted line source with a width of
4a was placed in the epoxy region !centered at y=!5" and
was defined by setting an initial value of body force in the
equation of motion along the z axis !parallel to the cylinder
axis" to generate a SV-mode BAW. Each lattice was dis-
cretized into 40 uniform spatial grids. The entire domain was
surrounded by 40-grid-thick perfectly matching layers at the
boundaries to avoid numerical reflections in the simulation

FIG. 3. !Color online" !a" “Acoustic mirage” inside a GRIN PC illuminated
by a SV-mode acoustic beam with a width of W=4a, an incident angle of
10°, and an operating frequency of $=0.79. The light and dark regions
correspond to the strong and weak amplitudes of the displacement field,
respectively. !b" The angular and !c" frequency sensitivities in a function of
penetration depth and mirage distance in a GRIN PC. The solid red, solid
blue, and dashed arrows denote input, output, and reflected beams,
respectively.
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domain, resulting in total absorbance at the boundary.29 To
be consistent with the PWE calculations, the thermal effects
on material properties30,31 were not considered in the FDTD
simulations. As shown in Fig. 3!a", the GRIN PC was ex-
posed to an acoustic beam with an incident angle of 10° at
$=0.79 !(=a /$=1.26a". The light and dark regions repre-
sent the strong and weak amplitudes of the displacement
field, respectively. The acoustic beam bent slightly toward
the direction of the gradient upon entering the GRIN PC, as
predicted from the EFCs #red arrow in Fig. 2!c"$. The beam
then steadily refracted toward the negative x direction, redi-
recting back to the epoxy/GRIN PC interface with a lateral
shift of 13.75a !equivalent to 10.9(". The penetrating depth
of the acoustic beam at the beam center, measured to be 7a
!equivalent to 5.5(", corresponded to a perfect periodic PC
with a FR of 6.7% #the dark !black" contour in Fig. 2!b"$.
While traveling within the GRIN PC structure, the beam ex-
hibited little spread with regard to distance; however, as the
beam approached the epoxy/GRIN PC interface, the width of
the output beam widened marginally due to multiple reflec-
tions near the interface. A reflection beam propagating to-
ward the negative x direction near the structure surface, de-
noted by the dashed arrow in Fig. 3!a", was caused by the
periodicity of the epoxy/GRIN PC interface. This reflection
beam interfered with the outgoing beam and resulted in the
dotted shape of the output field. The transmission of dis-
placement amplitude measured at the output was 60%,
matching well with the transmission coefficient calculated
from the effective acoustic impedance Zeff=ZsteelFR
+Zepoxy!1!FR". The arc-shaped trajectory in Fig. 3!a" agrees
with the directions of refraction obtained via the PWE
method #Fig. 2!b"$, implying that the trajectory inside a
GRIN PC can be predicted by analyzing the local dispersion
curves of the structure. Moreover, the results show that the
GRIN PC can redirect acoustic waves within conducting
bands no matter where the incident beam hits the surface.
This characteristic presents a significant advantage over ex-
isting PC waveguides,14–18 which rely on predefined line de-
fects to guide acoustic waves within bandgaps.

III. TUNABLE ACOUSTIC WAVEGUIDE

Given that EFCs are anisotropic and frequency depen-
dent, the propagation trajectory within a GRIN PC would be
sensitive to incident angle and operating frequency. Figures
3!b" and 3!c" show how penetration depth and mirage dis-
tance !i.e., the distance between input and output beams" are
dependent on incident angle and frequency, respectively. In
Fig. 3!b", the angular dependences of the penetration depth
and mirage distance were both linear at $=0.79, yielding
sensitivities of 0.0625a /° and 0.125a /°, respectively. In con-
trast, the penetration depth and mirage distance have stronger
dependency on the operating frequency at an incident angle
of 10°, as shown in Fig. 3!c". These results demonstrated that
by taking advantage of the angular or frequency sensitivity to
select different trajectories within the GRIN PC, tunable
acoustic waveguiding can be achieved.

To confirm the tunability of GRIN PC-based waveguid-
ing, we simulated the propagation of acoustic waves in a

modified GRIN PC with 25&17 layers. As shown in Fig.
4!a", the modified GRIN PC was symmetric with respect to
the neutral axis !the horizontal dashed line along y=8a"
while the upper part was identical to the top nine rows !y
=0–8a" of the structure used in Fig. 3!a". For an acoustic
beam operating at $=0.76 and an incident angle of 10°, the
trajectory was concave upward #Fig. 4!a"$ and similar to that
in Fig. 3!a". As the operating frequency was tuned to $
=0.815, however, the incident beam was negatively reflected
upon crossing the epoxy/GRIN PC interface. The penetration
depth increased and the acoustic beam was guided through

FIG. 4. !Color online" Simulated waveguiding inside a modified GRIN PC
exposed to a SV-mode acoustic beam of width W=4a, incident angle of 10°,
and reduced frequencies of !a" 0.76 or !b" 0.815. The solid red, solid blue,
and dashed arrows denote input, output, and reflected beams, respectively.
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the structure, as shown in Fig. 4!b". The dashed arrow de-
notes the reflected beam from the epoxy/GRIN PC interface
that destructively interfered with the incident beam and pro-
duced a gap between the two beams. The results confirm that
GRIN PC-based waveguides can dynamically control the
destination of guided acoustic waves without predefined line
defects; this characteristic makes GRIN PC-based
waveguides useful in applications such as acoustic switch-
ing, filtering, and biosensing. Additionally, the transmission
of displacement field can be improved when the structure is
optimized for specific applications.

IV. SUMMARY

In conclusion, we have computationally demonstrated
that the propagation direction of an acoustic wave beam
within a GRIN PC can be continuously tuned by modifying
the constitutive parameters of the structure. Our parametric
analysis of the deformation of the dispersion curves along
with FDTD studies has revealed that the acoustic mirage
phenomenon can be predicted from local EFCs. We have
found that the propagating trajectory of acoustic waves is
sensitive to both incident angle and operating frequency.
Based on these findings, we have designed an acoustic wave-
guide that cannot only operate without line defects, but can
also be actively tuned. The methodology described in this
work can be implemented in acoustic devices32 such as on-
chip waveguides, biosensors, filters, and multiplexers.
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