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Abstract

Fracture of a thin ductile layer sandwiched between sti4 substrates often results from growth
and coalescence of microscopic cavities ahead of an extending crack. Cavitation induced by
plastic $ow in a con&ned, ductile layer is analyzed here to evaluate the interfacial fracture
toughness of such sandwich structures. For rigid–plastic materials, a new method is proposed
in which the potential $ow &eld of a $uid is used to approximate the plastic deformation. The
principle of virtual work rate is applied to determine the equivalent traction–separation law.
The method is demonstrated and validated for spherically symmetric cavity growth, for which
an exact solution exists. We then study in detail the growth of an initially spherical cavity
in a cylindrical bar of &nite length subject to uniform traction at its ends. The results show
that the stress–separation curves depend strongly on initial cavity size and the strain-hardening
exponent, and weakly on the nominal strain. The method has clear advantages over numerical
methods, such as &nite-element analysis, for parametric study of cavity growth with large plastic
deformation. ? 2002 Published by Elsevier Science Ltd.
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1. Introduction

The strength and durability of sandwich structures consisting of two sti4 substrates
bonded by a thin adhesive layer are determined by various failure mechanisms, such as
interfacial debonding, and cavity nucleation, growth, and coalescence within the adhe-
sive layer. The relative importance of these failure mechanisms is ultimately determined
by the interfacial microstructure of the sandwich structure. The present work is moti-
vated by the capability to tailor interfacial microstructures to improve the mechanical
properties of adhesively bonded joints (Gao et al., 1999).
Extensive work on failure of ductile layers sandwiched between two sti4 substrates

shows that high triaxial stresses are developed in the ductile layer due to the constrain-
ing e4ect of the sti4 substrates on plastic $ow (Ashby et al., 1989; Evans and Dalgleish,
1992). These stresses lead to interfacial debonding or cavity nucleation ahead of the
crack tip. When the interface is relatively strong, interfacial failure occurs by growth
and coalescence of microscopic cavities ahead of an extending crack. For this failure
mechanism, cavities nucleate either from the interface or within the interfacial layer
(Mao and Evans, 1997), as shown schematically in Fig. 1. Cavity nucleation usually
occurs at the sites of initial defects on the interface, such as surface pores in aluminum
oxide &lms (cf. Clear&eld et al., 1990) or at second-phase inclusions within the ductile
layer. Therefore, the initial density of cavities is determined by either the morphological
features of the interface or the distribution of impurities in the ductile layer.
A material’s resistance to fracture can be characterized by its stress–separation

curve—the relation between local stress at a material point and atomic separation.
When cavitation occurs ahead of the crack tip, an equivalent stress–separation curve
can be used to estimate the fracture toughness, as demonstrated by Tvergaard and
Hutchinson (1992, 1996) for materials undergoing plastic deformation. The equivalent
stress–separation curve can be obtained by averaging microscopic stress and displace-
ment over a volume large compared to the local cavity size but small compared to
the characteristic length scale, e.g., the layer thickness. In Tvergaard and Hutchinson’s
analyses, the stress–separation law was approximated by simple functions not derived
from microscopic mechanisms. On the other hand, most studies of the stress–separation
law for cavity growth make use of the &nite-element method, which is computationally

Fig. 1. Schematic of the fracture mechanism: crack propagates by cavity nucleation, growth and coalescence.
(a) Cavity nucleates within the interface layer. (b) Cavity nucleates along the interface.
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intensive. Without remeshing at each stage, &nite-element approaches are limited to
incomplete stress–separation curves (Tvergaard, 1997).
In this work we determine the full stress–separation relation due to cavitation induced

by plastic $ow. We extend the two-dimensional potential-$ow approach developed by
Zhang and Hsia (2001) to the axisymmetric case of cavity growth in a &nite cylinder.
The principle of virtual work rate is employed to derive stress–separation relations. A
spherically symmetric cavity growth problem, for which a closed-form solution exists,
is used to demonstrate and validate the method. The method is then used to obtain full
stress–separation curves for growth of a cavity centered in a cylindrical bar. The results
show that the stress–separation curves depend not only on the material constants, but
also on interfacial microstructure.

2. Governing equations of a rigid--plastic material

Consider an internal cavity in a perfectly plastic or strain-hardening rigid–plastic
incompressible material. A uniaxial relation between the true stress, �, and the loga-
rithmic strain, �, of the solid is given by

�=�Y =f(�) ≡ |�=�Y|N sign(�); (1)

where �Y is the tensile yield strength, �Y is a nominal strain, N is the strain-hardening
exponent (06N ¡ 1), and sign(�) denotes the sign of �. The limit N =0 corresponds
to a rigid–perfectly plastic material.
We seek to determine a full stress–separation relation for cavity-containing materials

subject to speci&ed stress or strain-rate distributions on the boundary. For problems in-
volving nonlinear e4ects such as large deformation and plasticity, closed-form solutions
for the exact velocity &eld are usually not obtainable, except in one-dimensional cases.
Fortunately, a good approximation to the velocity &eld should be suNcient to establish
an accurate stress–displacement relation by making use of the principle of virtual work
rate. The incompressibility of the material throughout its deformation history suggests
that a good candidate for the approximation is a potential $ow generated by a point
source and satisfying the same boundary conditions (Lamb, 1932). The potential $ow
due to a point source at x0 can be determined by solving the boundary-value problem

∇2�=Q
(x− x0) in V; (2a)

n · ∇�= n · u̇s on S; (2b)

where � is the velocity potential, and V the volume bounded by the cavity and outer
surface S of the solid. Here, u̇s is a speci&ed boundary velocity vector, n the unit
outward normal to the boundary, x the observation point, Q the strength of the point
source and 
 the Dirac delta function. By applying the principle of virtual work rate,
one has∫

S
Tiu̇s

i dS =
∫
V
�ij�̇ij dV; (3)
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where Ti is the applied traction on the boundary corresponding to u̇s
i, �ij is the true

stress, and �̇ij is the true strain rate corresponding to the velocity &eld associated with
the potential $ow. We assume that the material obeys the J−2 $ow rule

sij =
2
3
�e
�̇e

�̇ij ; (4)

where sij = �ij − (�kk=3)
ij is the deviatoric stress, �e =
√
3sijsij=2 is the equivalent

stress, and �̇e =
√
2�̇ij �̇ij=3 is the equivalent strain rate. Substituting Eq. (4) into Eq.

(3), one has∫
S
Tiu̇s

i dS = �Y

∫
V
f(�e)�̇e dV: (5)

A nonuniform stress distribution on the boundary can be decomposed into an average
stress on the boundary and a perturbation at each point. Thus, Eq. (5) can be rewritten
as

�s
�Y
=

∫
V f(�e)�̇e dV − ∫

S(PTi=�Y)u̇s
i dS∫

S niu̇s
i dS

; (6)

where �s is the average stress on the boundary and PTi is the perturbation. Eqs.
(5) and (6) pertain to the current, deformed con&guration. For simple con&gurations,
the integrals in Eqs. (5) and (6) can be transformed from the current to the initial
con&guration analytically, which facilitates numerical evaluation, as shown in Sec-
tion 3 for a sphere. Analytical transformation is not possible for complicated con&g-
urations, for which we evaluate the stress–separation curves by the accumulated La-
grangian method (McMeeking and Rice, 1975) based on an Eulerian formulation (see
Section 4).

3. Cavity growth in a sphere

As a &rst application of the procedure described in the previous section, we consider
a spherical cavity of initial radius R0 centered in an isotropic, rigid–plastic spherical
body of initial radius R1 subject to a hydrostatic tension �s on the outer boundary (see
Fig. 2). An intuitive approximation to the plastic deformation &eld in the sphere is the
potential $ow due to a point source of strength Q at the origin, given by

�=− Q
4�r ; (7)

where r denotes the distance from the center of the sphere in the deformed con&g-
uration. The only nonzero velocity component associated with the potential $ow is
u̇ r =Q=4�r2, from which the strain rate components can be obtained as

�̇e =− �̇r =2�̇�=2�̇’=Q=2�r3: (8)

Integrating u̇ r with respect to time, subject to the initial condition r|t=0 =R, gives

Qt=
4�
3
(r3 − R3); (9)
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Fig. 2. Geometry of spherically symmetric cavity growth. (a) Initial state. (b) Deformed state.

where R is the distance of a material point from the center of the sphere in the
initial con&guration. This equation shows that at any instant t; r3 − R3 is an invariant
throughout the body, consistent with the incompressibility of the material. The source
strength Q can be interpreted as the changing rate of cavity volume, and is related to
the initial cavity radius R0 by

Q=4�R20Ṙ0: (10)

Substituting Eq. (8) into Eq. (6) and noting that for the spherically symmetrical case
PTi=0, one obtains

�s
�Y
=
1
2�

∫
V
f(�e)=2�r3 dV: (11)

The integral is evaluated in the current domain V . Using the incompressibility re-
sult, Eq. (9), one can transform Eq. (11) into the initial (undeformed) con&guration,
obtaining

�s(r0)
�Y

=− 2
∫ R1

R0

�2

�3 + r30 − R30
f{ln [�2(�3 + r30 − R30)

−2=3]} d�; (12)

where r0 is the radius of the cavity in the deformed state. This solution is identical
to the one obtained using classical continuum plasticity theory (Huang et al., 1991),
showing the validity of the method.
Stress–separation curves calculated by direct integration of Eq. (12) are shown in

Fig. 3. Results obtained by the accumulated Lagrangian method are graphically in-
distinguishable from those found by direct integration of Eq. (12). The &gure shows
that the normalized stress reaches its peak at rather early stages of cavity growth, and
then decays monotonically. Should the loading process be stress-controlled, reaching
the peak stress would correspond to the occurrence of cavitation instability (Ashby
et al., 1989; Huang et al., 1991; Hou and Abeyaratne, 1992; Tvergaard and Hutchin-
son, 1993). The maximum separation stress increases as the strain-hardening exponent
increases and decreases as the initial cavity size increases.
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Fig. 3. Stress–separation relations for spherically symmetric case.

4. Cavity growth in a cylindrical bar

In this section, a situation more relevant to cavitation in an adhesive layer is analyzed
by the technique developed in Section 2. We consider growth of a cavity of initial
radius R0 centered in a cylindrical bar of radius R and length 2H subject to uniform
tension at the ends, as shown in Fig. 4. We use Neumann boundary conditions on
the cylindrical wall (i.e., the �-component of the velocity vanishes at the cylindrical
wall) to approximate periodic boundary conditions between adjacent cavities. Unlike
the spherically symmetric cavitation problem discussed in Section 3, for which our
technique gives the exact solution, the solution for this case is only approximate.
The &nite size of the cylindrical bar complicates determination of an approximate

potential $ow. Rather than solving the boundary-value problem for a &nite body, we
consider the potential � due to a point source of strength Q at the origin of a cylindrical
bar of in&nite length. The source strength Q and initial cavity radius R0 are again related
by Eq. (10). In cylindrical coordinates, the potential � is axisymmetric and satis&es a
Poisson equation

∇2�(x)=Q
(x)=
Q
�

(�)
(z); (13)

with a singularity at the origin, where x=(�; z) are axisymmetric cylindrical coordi-
nates. The boundary condition for the potential can be written as

9�(�; z)
9� =0 at �=R: (14a)
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Fig. 4. Geometry of axisymmetric cavity growth.

As z approaches in&nity, the boundary conditions on the potential �, compatible 1

with the di4erential equation and Neumann boundary condition on the cylinder wall,
are

9�(�; z)
9z =± Q

2�R2 (z → ±∞): (14b)

Expanding the solution of Eq. (13) in terms of a complete set of orthogonal radial
functions satisfying the boundary condition Eq. (14a), one can use standard techniques
(Berg and McGregor, 1966) to &nd the solution

�(x)=
Q
2�R

[
z
R
−

∞∑
n=1

J0(�n�=R)
�nJ 20 (�n)

e−�nz=R

]
; (15)

where J0 is the zeroth-order Bessel function of the &rst kind, and �n is the n-th zero
of J1. The &rst term on the right-hand side of Eq. (15) corresponds to �0 = 0, and we
have omitted an additive constant, which vanishes when � is di4erentiated.
Unfortunately, the series in Eq. (15) converges slowly as z=R → 0, with the num-

ber of required terms increasing inversely with |z=R|. Thus, we seek an alternative
representation in terms of a Fourier integral outlined in the Appendix A.
Applying the general solution in Eq. (A.13) to the particular case by letting z′=0,

one has

�(x)=− Q
2�2

∫ ∞

0
cos(kz)

[
K1(kR)
I1(kR)

I0(k�) + K0(k�)
]
dk: (16)

1 Compatibility here refers to boundary conditions consistent with Gauss’s theorem applied to the potential
� in the cylinder and on its surface.
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Making use of the integral relation

1√
�2 + z2

=
2
�

∫ ∞

0
cos(kz)K0(k�) dk; (17)

Eq. (16) can be rewritten as

�(�; z)=− Q

4�
√

�2 + z2
− Q
2�2

∫ ∞

0
cos(kz)

K1(kR)
I1(kR)

I0(k�) dk: (18)

The &rst term on the right-hand side of Eq. (18) represents the potential due to a point
source in an unbounded domain, while the second term accounts for boundary e4ects.
In what follows, we use Eq. (15) to calculate the velocity and strain rates for

|z=R|¿# (where the choice of # is discussed below), terminating the series when the
relative di4erence between successively evaluated values of the velocity and strain rates
is less than 10−5. The Fourier integral representation in Eq. (18) is used for |z=R|6 #.
The velocity &eld is obtained by taking derivatives of Eq. (18) to get

u̇ �=
Q�
4�r3 −

Q
2�2

∫ ∞

0
k cos(kz)

K1(kR)
I1(kR)

I1(k�) dk; (19a)

u̇ z =
Qz
4�r3 +

Q
2�2

∫ ∞

0
k sin(kz)

K1(kR)
I1(kR)

I0(k�) dk; (19b)

for |z=R|6 #, and of Eq. (15) to get

u̇ �=
Q
2�R2

∞∑
n=1

J1(�n�=R)
J 20 (�n)

e−�nz=R; (20a)

u̇ z =
Q
2�R2

[
1 +

∞∑
n=1

J0(�n�=R)
J 20 (�n)

e−�nz=R

]
; (20b)

for |z=R|¿#, where r=
√

�2 + z2.
Note that in Eqs. (15) and (18), the potential represents the $ow in a cylinder of

in&nite length. The appropriateness of using this potential $ow to approximate the
plastic deformation of the &nite body should be examined. Fig. 5 shows the radial
variation of the normal velocity u̇ z at z=± H for di4erent values of the aspect ratio
H=R. Here u̇ z is normalized by the normal velocity at z=± H; �=0, denoted by u̇ 0
in Fig. 5. For H=R=1, the maximum di4erence in u̇ z across the cross section is about
20%. When the aspect ratio is 2, the maximum di4erence in u̇ z is only about 1%, and
the $ow is nearly uniform.
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Fig. 5. Uniformity of the velocity &eld at the interfaces z=± H .

The Cauchy strain rates associated with this $ow &eld are given by

�̇zz =
Q
4�

(
1
r3

− 3z2

r5

)
+

Q
2�2

∫ ∞

0
k2 cos(kz)

K1(kR)
I1(kR)

I0(k�) dk; (21a)

�̇��=
Q
4�r3 −

Q
2�2�

∫ ∞

0
k cos(kz)

K1(kR)
I1(kR)

I1(k�) dk; (21b)

�̇�z =− 3Q�z
4�r5 +

Q
2�2

∫ ∞

0
k2 sin(kz)

K1(kR)
I1(kR)

I1(k�) dk; (21c)

for |z=R|6 #, and

�̇zz =− Q
2�R3

∞∑
n=1

�n
J0(�n�=R)
J 20 (�n)

e−�nz=R; (22a)

�̇��=
Q

2�R2�

∞∑
n=1

J1(�n�=R)
J 20 (�n)

e−�nz=R; (22b)

�̇�z =− Q
2�R3

∞∑
n=1

�n
J1(�n�=R)
J 20 (�n)

e−�nz=R; (22c)
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for |z=R|¿#, and

�̇��=− (�̇�� + �̇zz); (23a)

�̇��=0; (23b)

�̇z�=0: (23c)

A Filon-based technique (Davis and Rabinowitz, 1984) is used to numerically evalu-
ate the integrals in Eqs. (19a), (19b), and (21a)–(21c) for |z=R|6 #=0:1. The stress–
separation curves are then determined by evaluating the integrals in Eq. (6) by a
Gauss–Legendre technique. The oscillating nature of the integrands in Eqs. (19) and
(21) requires that attention be paid to convergence of the quadrature. The stress–
separation curves computed using 16, 32, and 64 quadrature points are graphically
indistinguishable. Thirty-two points were used to compute the results below.
The value of # at which we switch from the eigenfunction expansion in Eq. (15)

to the Fourier integral representation in Eq. (18) was determined by evaluating both
representations for several combinations of �=R and z=R. Those calculations show that,
when |z=R|¡ 0:1, a very large number of terms in Eq. (15) is required to achieve
convergence. (In all the investigated cases, however, retention of a suNciently large
number of terms gave results that di4ered from the Fourier integral representation
by less than 0.02%, even for |z=R|=10−3). Accordingly, we have used Eq. (15) for
|z=R|¿#=0:1, where it is rapidly convergent, and Eq. (18) for |z=R|6 #=0:1.
Stress–separation curves are shown in Fig. 6, where the spacing between neighboring

cavities is taken to be the same as the thickness of the adhesive layer (H =R). The
abscissa measures the logarithmic strain at the cylinder ends, where d is the displace-
ment at the cylinder ends. Trends similar to those in the spherically symmetric case
are observed. However, the stress reaches its peak at a smaller strain (see the insert in
Fig. 6).
Cavity shape evolution can be followed by calculating the displacement of each

material point on the cavity boundary. Fig. 7 shows an example of cavity shape evolu-
tion for R0=R=0:1, N =0:1, �Y =0:003, and H=R=1, where only the &rst quadrant is
shown due to symmetry. We see that cavities remain essentially spherical up to radius
0:3R, beyond which they become prolate because of a greater growth rate in the axial
direction than in the radial direction. In reality, during the &nal stage of cavity evolu-
tion, the material between cavities necks down abruptly, and adjacent cavities coalesce.
This necking process is not accounted for in our analysis. Therefore, near the end of
the cavity growth process, the cavity shape and stress–separation curves predicted by
our model may not be accurate.

5. Finite size e$ect for a nonhardening material

In the previous section, we studied cavity growth in a particular con&guration under
speci&c loading, namely, a cylindrical bar with a &xed cylinder wall subject to far-&eld
tension at its ends. However, the model is not limited to such problems. Here we study
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Fig. 6. Stress–separation relations for axisymmetric case (H=R=1).

cavity growth behavior under a more general loading of a &nite body. The results can
be compared with those of Rice and Tracey (1969) as the size of the body approaches
in&nity.
Consider again the cylindrical bar (Fig. 4) of an incompressible rigid–plastic mate-

rial (nonhardening) subject to a general mean normal stress �B
m and deviatoric stress

sBij at the boundary. For a von Mises material following the J−2 $ow rule, such
traction boundary conditions will lead to a strain-rate &eld �̇Bij at the boundary. To
simplify the analysis, we choose a simple, volume-conservative strain-rate &eld at the
boundary, consisting of extension at the rate �̇B in the z-direction and contraction at the
rate �̇B=2 in the �-direction, added to the cavitation &eld given in the previous section.
We seek to determine the relation between the cavity expansion rate and the imposed
mean normal stress and strain-rate &eld at the boundary. The assumed velocity &eld for
the con&guration consists of two parts: one associated with the potential �, accounting
mainly for the volume change of the cavity, and the other giving the strain-rate &eld �̇Bij
on the boundary, accounting for shape change of the cavity (Rice and Tracey, 1969).
The velocity is then given by

u̇ �=− 1
2
��̇B +

9�
9� ; (24a)

u̇ z = z�̇B +
9�
9z : (24b)
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Fig. 7. Evolution of cavity shape for axisymmetric cavitation (H=R=1; R0=R=0:1).

If the length of the cylindrical bar is at least twice its diameter, the contribution
of the potential � to the strain rates on the boundary is negligibly small, and the
superposition of the two &elds satis&es incompressibility and the boundary conditions.
Using the principle of virtual work rate, a weak form of the equilibrium condition can
be obtained (see Appendix B)∫

V
(sij − sBij)�̇

�
ij dV =−

∫
SV

ni�B
iju̇

�
j dS; (25)

where SV is the surface of the cavity, sBij is the imposed deviatoric stress &eld at the
boundary, and u̇�

i and �̇�ij are the velocity vector and strain-rate tensor associated with
the potential, respectively. The cavity volume rate of change Q can then be expressed
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Fig. 8. Finite-body e4ect on cavity growth (H=R=2).

as a function of hydrostatic stress �B
m and the tensile strain rate �̇B on the boundary as

Q=Q(R0=R; �B
m=�Y; �̇

B) (H¿ 2R): (26)

The cavity radius at any stage can be determined by integrating Eq. (26). As R → ∞,
the potential � approaches that of a free point source and Q becomes independent of
its &rst argument. In this limit, a closed-form solution

Q=(�̇BV0)= 0:283 exp(3�B
m=2�Y) (H; R → ∞); (27)

was found by Rice and Tracey (1969), where V0 = 4'R30=3 is the initial cavity volume.
Fig. 8 shows the relationship between the dimensionless stress �B

m=�Y and normalized
rate of change of cavity volume Q=(�̇BV0). The solid line without symbols represents the
limiting case (in&nite body) given by Eq. (27). Our result using Eq. (26) approaches
that of Rice and Tracey (1969) as R0=R → 0. Fig. 8 shows that if the imposed hydro-
static stress is less than twice the yield stress, the &nite body e4ect is negligibly small.
The e4ect is more profound at higher hydrostatic stresses. If the bar radius is 10 times
the cavity radius, the di4erence between the &nite-size and in&nite-body results is very
small up to �B

m=�Y =4.

6. Fracture resistance

The analyses of the spherically symmetric and axisymmetric cases show that the
stress–separation curves depend strongly on the hardening exponent and initial



562 S. Zhang et al. / J. Mech. Phys. Solids 50 (2002) 549–569

cavity size, but weakly on the nominal strain �Y . A universal expression for the stress–
separation curves can be written as

�s(d)=�Y =F(*; N; Vf ; G); (28)

where N is the hardening exponent, *(=d=H) is the normalized end displacement, Vf
is the cavity density in the interfacial layer, directly related to the interfacial surface
microstructure, and G is a geometric parameter related to the thickness of the ductile
layer and the spacing between neighboring cavities. For the cylindrical bar case, we
take Vf =R0=R and G=H=R, and identify G as an aspect ratio.
As pointed out by Tvergaard and Hutchinson (1992, 1996), two important factors

characterizing the stress–separation curves are the work of separation per unit area
(the initial separation resistance), ,0, and the peak stress. The latter can be readily
determined from the stress–separation curves obtained in the previous sections. The
initial separation resistance can be evaluated by integrating the corresponding stress–
separation curves

,0 =W=A=
2

'R2

∫ U∗
I

0
Ts(UI ) dUI ; (29)

where W is the work of separation for the cylindrical bar, A= �R2 is the exposed area,
U ∗

I the displacement at which total separation occurs (�s ≈ 0), and Ts is the resultant
traction at the ends of the cylindrical bar. To facilitate the calculation, a normalized
initial fracture resistance ,0 can be written as

,0
2R�Y

=G
∫ �∗

0
[�s(�)=�Y]e� d�; (30)

where �∗ is the true average strain corresponding to the end displacement U ∗
I evaluated

at the ends of the cylindrical bar.
Eq. (30) shows that the normalized initial fracture resistance is determined solely by

the stress–separation curves. Since the stress–separation curves are nearly independent
of the nominal strain, so is the normalized initial fracture resistance. The dependence
of the normalized initial fracture resistance on geometry is shown in Fig. 9(a). The
dashed line in Fig. 9(a) shows the maximum value of the normalized fracture resistance
as H=R → ∞. For a given strain-hardening exponent and initial cavity density, the nor-
malized fracture resistance increases monotonically and approaches its maximum value
asymptotically as the aspect ratio increases. For H=R¿ 4:0, the normalized fracture
resistance does not change signi&cantly (less than 2%) and is nearly independent of
H=R. For H=R¡ 1:0, nonuniformity of the velocity &eld at the cylinder ends renders the
results of our approach inaccurate. Fig. 9(b) shows that the normalized initial fracture
resistance increases considerably as the strain-hardening exponent increases. Over the
range 06N6 0:3, our model predicts a more than fourfold variation of the normalized
initial fracture resistance. Fig. 9(c) shows that ,0 decreases slightly as Vf increases,
indicating that the e4ect of initial cavity size on the peak stress of the stress–separation
curves is more signi&cant than its e4ect on the interfacial fracture resistance.
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Fig. 9. (a) Normalized initial fracture resistance versus the aspect ratio H=R (R0=R=0:1; N =0:1).
(b) Normalized initial fracture resistance versus the strain-hardening exponent N (H=R=1; R0=R=0:1).
(c) Normalized initial fracture resistance versus initial cavity density R0=R (H=R=1; N =0:1).
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7. Discussion

We have addressed a particular mechanism of interfacial fracture—cavitation in a
thin, ductile layer in a sandwich structure. A new technique has been developed to solve
cavitation problems involving large plastic deformation, for which closed-form solutions
of the full elastic–plastic deformation problem are not obtainable. For a rigid–plastic
material, our technique approximates the plastic deformation &eld by a potential $ow
&eld, which can be determined as the solution of an elliptic boundary-value problem.
Full stress–separation relations are then obtained by applying the principle of virtual
work rate. The two important factors for interfacial fracture, initial fracture resistance
and peak stress, can be extracted directly from the stress–separation curves or obtained
by integrating the stress–separation curves.
Two con&gurations have been considered in this paper: a cavity centered in a sphere,

for which a closed-form solution exists; and a cavity centered in a circular cylinder, for
which no closed-form solution is available. For each case, a $ow &eld associated with
a point source and satisfying prescribed boundary conditions is used to approximate
the complex plastic deformation &eld around the cavity. The method uses the principle
of virtual work rate to approximately (but not pointwise) satisfy the equilibrium condi-
tions, and does not account for elastic deformation. For cavity growth in a sphere, this
technique gives the exact solution. For the cylindrical bar, reliable stress–separation
curves have been obtained by this technique. The stress–separation relation is shown
to depend strongly on the strain-hardening exponent and initial cavity size, and weakly
on the nominal strain.
Under load-controlled loading, cavity growth in an elastic–plastic solid reaches in-

stability (i.e., in&nite growth rate) at a critical stress level (Huang et al., 1991). On
the other hand, under displacement-controlled loading, the stress versus cavity growth
curve for an elastic–plastic material goes through stages where the stress increases,
reaches a peak stress, and then decreases, ultimately to zero, as the cavity grows.
Under displacement-controlled loading, the level of the peak stress corresponds to
the critical stress for cavitation instability under load-controlled loading. Huang et al.
(1991) showed that, for an elastic–perfectly plastic solid, such instability exists un-
der load-controlled loading only if elastic deformation is included. In our model, a
rigid–plastic (nonhardening or hardening) constitutive law is used, and no account is
taken of elasticity. However, the insert in Fig. 6 shows that, for hardening materi-
als (N ¿ 0), the stress increases before reaching the peak stress and then decreases;
whereas for a perfectly plastic material (N =0), the stress–separation curve decreases
monotonically from the beginning. Similar results were obtained by Zhang and Hsia
(2001) for plane-strain cavity growth in rigid–plastic materials. These results indicate
that, for load-controlled loading, cavitation instability will occur for plastic hardening
materials, even if elastic deformation is excluded.
Parametric study of the initial fracture resistance provides guidance to the develop-

ment of processes for surface preparation of adherends for bonded joints. For a given
interfacial microstructure, the results in Fig. 9(b) show that increasing the hardening
exponent can considerably improve interfacial fracture toughness. However, interfa-
cial layer thickness has only a limited e4ect on interfacial fracture resistance as long
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as the thickness is comparable to the spacing between adjacent cavities, as shown
in Fig. 9(a). Fig. 9(c) shows that the fracture resistance decreases monotonically
with increasing initial cavity volume fraction, indicating that an interfacial micro-
structure with sparsely distributed cavity nucleation sites is preferable. On the
other hand, surface preparation processes that give rise to smaller initial cavity size
are desirable since a higher peak stress is needed for interfacial crack propagation,
as shown in Fig. 6. It is therefore crucial to develop surface preparation processes
that minimize formation of large cavities, which can signi&cantly degrade interface
performance.
For the cylindrical bar, Fig. 10 shows the stress–separation curves predicted by the

current model and that of Tvergaard (1997). The aspect ratio H=R, initial cavity size R0,
and strain-hardening exponent N used in the current calculation are identical to those
in Tvergaard’s work. Although the results agree well at low values of the normalized
end displacement d=H , there is signi&cant divergence at higher d=H .
The main di4erences between our work and Tvergaard’s are as follows. The ap-

proach of Tvergaard approximates the displacement &eld with a discrete, kinematically
admissible &eld and enforces the equilibrium condition using variational principles,
whereas our approach approximates the displacement &eld with a continuum, potential
$ow solution and enforces equilibrium by the principle of virtual work rate. Tvergaard’s
solution satis&es all solid mechanics governing equations and should, in principle, con-
verge to the true solution as the &nite-element mesh is re&ned. Our solution for the
deformation &eld, on the other hand, satis&es the potential $ow governing equation and
can only be treated as an approximation to the real plastic deformation &eld. Another
di4erence is that elasticity is not accounted for in our analysis. Moreover, Tvergaard’s
approach requires repeated remeshing at large deformations, whereas our method deals
with arbitrarily large deformation in a uni&ed way.
Inaccurate approximation of plastic deformation by potential $ow may be the princi-

pal cause of the discrepancies shown in Fig. 10. As depicted in Fig. 7, the potential-$ow
solution predicts that a cavity grows more rapidly normal to the interface than parallel
to it, while &nite-element analysis of the solid mechanics governing equations predicts
that parallel growth is more rapid than perpendicular growth (Tvergaard, 1997). Thus,
for a regular array of cavities with equidistantly spaced centers and equal volumes, our
model predicts that more load-bearing material remains between adjacent cavities than
does the &nite-element analysis. This leads to a correspondingly higher prediction of
the separation stress.
Our results show that, for the in&nite body case, our approach has the same degree

of accuracy as that of Rice and Tracey (1969). It was pointed out by Huang (1991)
that, since the perturbation-based Rice and Tracey solution does not use a complete
set of functions to represent the deformation &eld, it underestimates the cavity growth
rate. A consequence of this underestimation is that the material is predicted to be sti4er
than it really is. This is consistent with the discrepancies between our results and those
of Tvergaard (1997).
In this paper, periodic interaction between adjacent cavities is modeled by specifying

Neumann boundary conditions for a single cell. While unstable coalescence of adjacent
cavities will cause the separation stress to drop to zero rapidly, the current method does
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Fig. 10. Comparison of the present results to those of Tvergaard (1997) (H=R=1).

not take this necking process into account. This &nal stage of the separation process,
however, contributes insigni&cantly to the overall fracture resistance.
The current paper makes use of a feature common to the rigid–plastic deformation

&eld in solid mechanics and the potential $ow in $uid mechanics, namely incompress-
ibility. The present work suggests that the current approach can be applied to a variety
of solid mechanics problems, provided that elastic deformation is negligible. Compared
to the computational burden of the &nite-element method and remeshing at each stage,
this method has clear advantages for detailed parametric studies.
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Appendix A.

More generally, Eqs. (13) and (14a) can be written as

∇2 (x; x′)=Q
(x− x′)= Q
2'�


(�− �′)
(z − z′); (A.1)
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and

9 (x; x′)
9� =0 at �=R; (A.2)

where x=(�; z) and x′=(�′; z′) represent axisymmetric cylindrical coordinates and the
singularity location, respectively.
It should be noted that  is essentially a Green’s function satisfying a Neumann

boundary condition on the cylinder wall. Thus, it is symmetric with respect to x and
x′. The delta function in Eq. (A.1) can be written as


(z − z′)=
1
2'

∫ ∞

−∞
eik(z−z′) dk =

1
'

∫ ∞

0
cos k(z − z′) dk; (A.3)

It is convenient to express the potential as a product of functions appropriate to
cylindrical coordinates, in a similar fashion as Eq. (A.3)

 (x; x′)=
Q
2'2

g(�; �′)
∫ ∞

0
cos k(z − z′) dk; (A.4)

where g satis&es

1
�
d
d�

[
�
dg
d�

]
− k2g=

1
�

(�− �′): (A.5)

When � �= �′, the solution of Eq. (A.5) is a linear combination of zeroth-order modi&ed
Bessel functions

g(�; �′)=

{
AI0(k�) + CK0(k�); (�¡�′);

BI0(k�) + DK0(k�); (�¿�′)
(A.6)

where A; B; C, and D are coeNcients to be determined. For � �= �′, g is bounded, hence
C =0. The Neumann condition at the cylinder wall leads to D=BI1(kR)=K1(kR), where
I1 and K1 are the &rst-order modi&ed Bessel functions. Substituting this into Eq. (A.6)
gives

g(�; �′)=




AI0(k�); (�¡�′);

B
[
I0(k�) +

I1(kR)
K1(kR)

K0(k�)
]
; (�¿�′):

(A.7)

Using the symmetry of the potential  in � and �′, one has

g(�; �′)= 4I0(k�min)
[
I0(k�max) +

I1(kR)
K1(kR)

K0(k�max)
]
; (A.8)

where

�min =min(�; �′); (A.9a)
�max =max(�; �′) (A.9b)

and 4=AB. The discontinuity in the slope of g implied by Eq. (A.5) gives

lim
P�→0

[
dg
d�

∣∣∣∣
�′+P�

− dg
d�

∣∣∣∣
�′−P�

]
=
1
�′ : (A.10)
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Substituting Eq. (A.8) into Eq. (A.10), one has

4=− K1(kR)
I1(kR)

: (A.11)

Thus, the potential can be rewritten as

 (x; x′) =− Q
2�2

∫ ∞

0
cos k(z − z′)I0(k�min)

×
[
K1(kR)
I1(kR)

I0(k�max) + K0(k�max)
]
dk: (A.12)

For �′=0, �min = 0 and �max = �, we have

 (x)=− Q
2�2

∫ ∞

0
cos k(z − z′)

[
K1(kR)
I1(kR)

I0(k�) + K0(k�)
]
dk: (A.13)

Appendix B

For the assumed velocity &eld in Eqs. (24a) and (24b), the principle of virtual work
rate in Eq. (3) can be rewritten as∫

S
ni�ij(u̇B

j + Qu̇�
j ) dS =

∫
V

�ij(�̇Bij + Q�̇�ij) dV; (B.1)

where u̇B
i and �̇Bij are the displacement-rate and strain-rate &elds, respectively, corre-

sponding to the &rst terms on the right-hand sides of Eqs. (24a) and (24b). According
to Gauss’ divergence theorem, one has∫

S
ni�iju̇B

j dS =
∫
V

�ij�̇Bij dV: (B.2)

Subtracting Eq. (B.2) from (B.1), one has∫
S
ni�iju̇

�
j dS =

∫
V

�ij�̇
�
ij dV: (B.3)

Based on the traction-free condition on the cavity surface, the surface integral in Eq.
(B.3) can be rewritten as∫

S
ni�iju̇

�
jdS =

∫
S∞

ni�B
iju̇

�
j dS =

∫
S
ni�B

iju̇
�
j dS −

∫
SV

ni�B
iju̇

�
j dS; (B.4)

where S∞ and SV are the boundaries at in&nity and on the cavity surface, respectively.
Applying Gauss’ divergence theorem to the &rst term on the right-hand side of Eq.
(B.4), one obtains∫

V
�ij�̇

�
ij dV =

∫
V

�B
ij�̇

�
ij dV −

∫
SV

ni�B
iju̇

�
j dS: (B.5)

Note that �̇�ii =0 according to the incompressibility condition, from which one obtains
Eq. (25).
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