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Under pure bending or compression multiwalled carbon nanotubes 共MWCNTs兲 with interwall
covalent bridges exhibit evolving morphologies, ranging from uniform deformation, wavelike
rippling, to Yoshimura 共diamond-shaped兲 pattern. Using large-scale coarse-grained simulations, we
map out the morphological phase diagram in the space of applied strain and interwall bridging
density and find that the three deformation phases are separated by two linear transition boundaries.
Our energetics analyses reveal that the relative significance of the in-plane deformation energy and
the interwall bridging energy determines the shape space of MWCNTs. The multiple morphological
transformations open pathways for mechanically tuning the electronic and magnetic properties of
MWCNTs. © 2010 American Institute of Physics. 关doi:10.1063/1.3428581兴
Graphene shell exhibits large in-plane rigidity as compared to its bending rigidity,1 and thus deforms nearly isometrically under external loading, featuring local sharp folds.
Such deformation morphologies have been widely observed
in previous studies: edge-induced warping in free-standing
monolayer graphene;2 local kinks in bent single-walled carbon nanotubes 共SWCNTs兲;3 beltlike structures in strongly
twisted SWCNTs;3 and the rippling or Yoshimura 共diamondshaped兲 patterns in twisted, bent, and compressed multiwalled carbon nanotubes 共MWCNTs兲 with tens of walls or
more.4–13 These deformation phase transitions not only significantly reduce the rigidities of the thin shells but also alter
their magnetic-electronic properties.14,15 The morphological
phase transitions are reversible upon unloading,16–18 suggesting that these thin-shell structures may be designed as shapememory devices with tunable stabilities.
In this letter, we report multiple morphological phase
transitions in covalently bridged MWCNTs19,20 under pure
bending and uniaxial compression. The formation of bridged
MWCNTs typically involves defects, and the mechanical
properties of defected CNTs have been widely studied.21–31
Typical interwall bridges include sp3 bond involving an interstitial and sp2 bond involving reconstructed single
vacancies.32,33 Both the covalent bonds provide a strengthening mechanism for MWCNTs that would otherwise have a
rather low interwall shearing modulus.34
To improve computational affordability, we extend the
coarse-grained model of Arroyo and Belytschko for carbon
shells35,36 by including the effects of interwall covalent
bridges. In the extended model, the bonding interactions are
described by the second-generation Brenner potential.37 The
interwall van de Waals 共vdW兲 interactions are modeled by
the Lennard–Jones potential.38 To simplify our analysis, we
restrict our discussion to the sp3 bridged MWCNTs though
the interwall bridges are in reality likely a combination of the
sp3 and sp2 bonds.39 The covalent bridges are treated as harmonic springs. From all-atom molecular dynamics simulations, the tensional and shear spring constants of the sp3

bridge are kn = 43.31 aJ/ nm2 and k = 2.20 aJ/ nm2, respectively. The equilibrium and failure lengths of the sp3 bridges
are 0.28 nm and 0.52 nm, respectively. With given interwall
bridge density , defined by the number of excess interwall
carbon atoms per unit cell of the hexagonal lattice of the
graphene shells, the potential energy of these bridges can be
homogenized into a continuum description in the manner
similar to the treatment for the vdW interactions.23,35 As
compared to fully atomistic simulations using double-walled
CNTs with interwall bridges, the extended coarse-grained
model captures the atomistic energetics reasonably well and
improves the computational efficiency by two orders of
magnitude.
The mechanical responses of the covalently bridged
MWCNTs subject to pure bending and uniaxial compression
are studied. We adopt the ten-walled MWCNT, indexed by
共5 , 5兲 / 共10, 10兲 / . . . / 共50, 50兲, as our simulation model. The
constituent shells in the MWCNT are coarse-grained into
finite elements, where the size effect of the elements is carefully examined to ensure numerical convergence. For pure
bending, the four-point bending test4 is performed, where
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FIG. 1. 共Color online兲 Morphological phase diagram of bent MWCNTs. I:
uniformly deformed phase; II: rippling phase; and III: Yoshimura phase.
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FIG. 2. 共Color online兲 Morphological phase diagram of compressed
MWCNTs. I: uniformly deformed phase; II: rippling phase; and III:
Yoshimura phase.

four supplementary rigid short SWCNTs 共two on the bottom,
the other two on the top of the MWCNT兲 are used to bend
the MWCNT. For uniaxial compression, the finite element
nodes at the two ends of the MWCNTs are held fixed. Incrementally moving the fixed nodes at the two ends toward the
center effectively compresses the MWCNT. For both loading
cases, a limited-memory BFGS algorithm40 is implemented
to minimize the energy at each loading step, thereby finding
the equilibrium configurations. The deformed configurations,
reaction forces at the fixed nodes, and the in-plane and interwall interaction energies are all recorded at each loading
step.
Figure 1 shows that under pure bending, the bridged
MWCNT exhibits three morphological phases in the plane of
bending curvature  共unit: nm−1兲 and interwall bridge density
. At a fixed bridge density, for low bending curvatures, the
MWCNT behaves as an elastic beam and is uniformly bent
共phase I兲. When the bending curvature increases and reaches
a critical value, wavelike periodic rippling pattern 共phase II兲
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appears. Such rippling pattern resembles that observed in
twisted MWCNTs.8 With further increased bending curvature, the rippling pattern transits into the Yoshimura pattern
共phase III兲. The longitudinal views of the three characteristic
morphologies on the bent side of the MWCNT are inserted in
Fig. 1. The rippling pattern is absent in the nonbridged
MWCNT 共 = 0兲; the uniformly deformed phase transits directly into the Yoshimura pattern at the critical curvature of
0.0056 nm−1. Increasing the interwall bridge density effectively widens the curvature range within which ripping pattern appears. For either pattern, the critical curvature linearly
scales with the interwall bridging density, giving rise to linear phase boundaries with the slopes of 0.1 and 0.34, respectively. The linear scaling manifests the strengthening effect
of the interlayer bridges against structural instability.
Figure 2 shows the phase diagram of the bridged
MWCNT under uniaxial compression, where the regimes of
the uniformly deformed 共I兲, rippled 共II兲, and diamond or
combined 共III兲 phases are indicated in the space of the compressive strain  and the interwall bridge density . The
phase transition boundaries are nearly linear, with slopes of
0.28 and 0.56, as indicated in the figure. Our previous studies
of uniaxially compressed, nonbridged MWCNTs showed that
the constituent shells of a compressed MWCNT buckle in a
coordinated manner.7 Due to the presence of the interwall
covalent bridges, the coordinated nature of the buckling of
the constituent shells is pronounced. For the nonbridged
MWCNT, the instability strains for the rippling and diamond
patterns are very close to each other. With increasing interwall bridge density, the instability strains for these two patterns increase linearly, similar to the linear phase boundaries
in bent MWCNTs. Overall, the regime for rippling pattern is
rather narrow. It should be noted that at large compressive
strains, the rippling and diamond patterns coexist for bridged
MWCNTs. While for nonbridged MWCNT, only helically
arranged diamond pattern appears.
Using pure bending case as an example, we next elucidate the deformation energetics that governs the morphological phase transition. We decompose the total strain energy
into the in-plane deformation energy and interwall interaction energy. From our simulation results we identify the two

FIG. 3. 共Color online兲 Energetics analysis of morphological phase transitions in the ten-walled MWCNT under pure bending. 共a兲 In-plane strain energy and 共b兲 interwall interaction energy. In 共a兲 and 共b兲, the energy
curves for the uniformly deformed phase, the rippling
phase, and the Yoshimura phase are, respectively, plotted by squares, filled and open circles connected by
solid lines. The extrapolated segments from the energy
curve of the Yoshimura phase downward to the rippling
phases are shifted and plotted by dashed lines. 共c兲 The
total energy difference in the rippling and Yoshimura
regimes.
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phase transition points that separate the three deformation
phases. The energy curves for these three phases are, respectively, plotted by squares, filled and open circles connected
by solid lines, as shown in Figs. 3共a兲 and 3共b兲 共 = 2%兲. We
extrapolate the curve segments in the Yoshimura regime
backward to the rippling regime 关solid lines in Figs. 3共a兲 and
3共b兲兴. We then shift the extrapolated segment such that the
extrapolated segment starts from the transition point from the
uniformly deformed phase to the rippling phase. The shifted
segments, marked by dashed lines in Figs. 3共a兲 and 3共b兲,
correspond to the case as if the Yoshimura pattern would
occur beyond the uniformly deformed phase. We found that
the dashed segment is below the segment with filled circles
in Fig. 3共a兲 but above in Fig. 3共b兲. This comparison suggests
that if replacing the rippling pattern by the Yoshimura pattern
at moderate curvatures, it would cause less in-plane strain
energy, but larger interwall energy penalty. The total energy
difference 共⌬ETotal = EYoshimura − ERippling兲 is plotted in Fig.
3共c兲. The energy difference in the rippling regime 关left side
of the dashed line in Fig. 3共c兲兴 vanishes at the two phase
transition points, and is always positive in between 共⌬ETotal
ⱖ 0兲. This energetics analysis indicates that in the rippling
regime the interwall bridging energy dominates the physics.
In this regime, the Yoshimura pattern involves very high interwall energy penalty, and is thus energetically disfavored.
We also extrapolate the energy curves of the rippling regime
forward to the Yoshimura regime and compare accordingly
the energetics. The total energy difference is always negative
共⌬ETotal ⱕ 0兲, and monotonically decreases in the Yoshimura
regime, as plotted in Fig. 3共c兲 共right side of the dashed line兲.
In this regime, the in-plane deformation energy dominates
the physics. The rippling pattern involves much higher inplane deformation energy than the Yoshimura pattern in this
regime, and is thus energetically disfavored. We have also
performed similar energetics analysis for the case of uniaxial
compression and reached the similar conclusions.
In conclusion, our large-scale simulations observed multiple morphological deformation phases in bent and uniaxially compressed MWCNTs with interwall covalent bridges.
We constructed phase diagrams in the plane of the applied
strain and interwall bridging density for both loading cases.
Our energetics analysis suggests that the morphological
phase transition at different loading regimes is a result of
interplay of the interwall interaction energy and the in-plane
deformation energy. The multiple phase transitions in deformed MWCNTs not only influence the mechanical properties of the MWCNTs, but also alter their electronic-magnetic
properties. Our study therefore opens pathways of tuning the
electronic and magnetic properties of MWCNTs through mechanical deformations.
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