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We formulate a multiscale modeling framework to investigate the deformation
morphologies and energetics of covalently bridged multi-walled carbon nanotubes
(MWCNTs). The formulation involves extending a previously established quasicontinuum model by incorporating the inter-wall bridging energy density function
into the constitutive relations via message passing from fully atomistic simulations.
Using the extended numerical model, we studied the mechanical responses of the
10-walled MWCNT with varying inter-wall bridge densities under torsion, bending, and
uniaxial compression. Our simulation results show that the presence of inter-wall
covalent bridges not only enhances the post-buckling rigidities of the MWCNTs, but also
modiﬁes the deformation morphologies and morphology pathways. For bending and
uniaxial compression, we constructed in the space of bridge density and applied strain
the deformation morphology phase diagram, where three phases, uniformly deformed
phase, rippling pattern, and diamond-shaped pattern, are identiﬁed and separated by
linear phase boundaries. We attribute the deformation phase transitions to the
interplay of inter-wall and intra-wall interaction energies. The multiple shape
transitions of MWCNTs and the elastic nature of the deformation suggest that MWCNTs
can be designed as shape-memory nanodevices with tunable stabilities.
& 2010 Elsevier Ltd. All rights reserved.
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1. Introduction
Owing to its large in-plane rigidity as compared to its bending rigidity (Lee et al., 2008), graphene shell often deforms
nearly isometrically, featuring local sharp folds. Such deformation morphologies have been widely observed in previous
studies: edge-induced warping in free-standing monolayer graphene (Shenoy et al., 2008); local kinks in bent singlewalled carbon nanotubes (SWCNTs) (Fig. 1(a) and (b)) (Yakobson et al., 1996); belt-like structures in strongly twisted
SWCNTs (Fig. 1(c)) (Yakobson et al., 1996). These load-driven morphologies not only indicate the stability of the
graphene shells, but also alter their electronic properties (Tombler et al., 2000; Yang and Han, 2000) due to the intrinsic
coupling between mechanical and electrical responses. The deformation morphologies are generally reversible upon
unloading (Iijima et al., 1995; Falvo et al., 1997), suggesting the high deformability and the pure elastic nature of graphene
shells.
While the instability of deformed SWCNTs follows the classical beam or shell theories (Yakobson et al., 1996; Zhang
et al., 2005), the physical mechanism of the deformation patterns observed in deformed thick multi-walled carbon
nanotubes (MWCNTs) appears to be more complex. MWCNTs are composed of concentric graphene shells with extremely
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Fig. 1. Representative buckling morphologies of SWCNTs and MWCNTs: (a) a local kink in a bent (10,10) SWCNT; (b) buckling mode in a compressed
(10,10) SWCNT; (c) belt-like structure of a twisted (10,10) SWCNT; (d) rippled 10-walled MWCNT; and (e) diamond-shaped pattern in a 10-walled bent
MWCNT.

strong covalent bonding interactions within each shell but weak inter-wall van der Waals (vdW) interactions. The weak
inter-wall interactions may be exploited in a variety of applications, where MWCNTs are used as low friction components
of nanomechanical devices such as nanoscale motors (Fennimore et al., 2003), bearings (Kolmogorov and Crespi, 2000;
Zhang et al., 2004a), oscillators (Zheng and Jiang, 2002; Legoas et al., 2003; Zou et al., 2006), nanosensors (Gao et al., 2003;
Zou et al., in press), etc. On the other hand, the ultra-low inter-wall shear resistance indicates very low load transfer
between the shells (Kis et al., 2004), presenting a major concern for using MWCNT and CNT bundles as mechanical
reinforcements in polymeric composites (Qian et al., 2000). However, owing to the spatial conﬁnement of the constituent
shells, radial deformation of constituent shells relative to each other causes signiﬁcant inter-wall interaction energy
penalty, which suggests that MWCNTs may adopt different deformation mechanisms from that of an isolated graphene
shell. Recent studies (Arias and Arroyo, 2008; Huang et al., 2008b) showed that the wave-like rippling pattern (Fig. 1(d)) in
twisted MWCNTs is far away from isometric deformation. In contrast, the Yoshimura pattern (diamond-shaped pattern,
Fig. 1(e)) is fairly close to be isometric. The different deformation morphologies indicate that the inter-wall interaction
energies play a critical role in determining the deformation shape space of MWCNTs, which remains less understood from
previous studies.
When covalent bridges are introduced between neighboring graphene shells in an MWCNT or CNT bundle, the interwall interaction is ampliﬁed, which subsequently inﬂuences the energetics of MWCNT deformation. Recent experiments
demonstrated that inter-wall covalent bonds introduced through electron-beam irradiations may signiﬁcantly enhance the
inter-wall shear resistance of SWCNT bundles (Kis et al., 2004). If a spot is repeatedly impacted, large open ring defects may
be created, which would initiate fracture upon tensile loading (Zhang et al., 2005, 2007b). Under moderate electron
energies and relatively low doses, the most proliﬁc defect produced is the single-atom defects (Krasheninnikov et al., 2002;
Zhang et al., 2004b; Terdalkar et al., 2008), i.e., single-atom vacancies, inter-wall interstitials, and Frankel defects
(interstitial–vacancy pairs). Due to their relatively low migration barriers (  1 eV) (Krasheninnikov et al., 2006), these
single-atom defects are highly mobile even at moderate temperatures. An interstitial falling in between two neighboring
graphene shells in an MWCNT or in CNT bundles becomes four-coordinated by interacting with the nearest four atoms
from the neighboring shells, forming an inter-wall sp3 bridge (Fig. 2(a)). Unlike metals where a single-atom vacancy is
essentially a missing atom in the lattice, a single-atom vacancy in sp2 hexagonal network is subjected to bond
reconstruction, where two of the three dangling bonds associated with the missing atom join to form a new bond. The
bond reconstruction yields an energetically more stable conﬁguration. When two such reconstructed single-atom
vacancies from neighboring shells are in proximity, an inter-wall covalent bond may be created by saturating the third
dangling bond of each vacancy (Telling et al., 2003; Kis et al., 2004), forming an inter-wall divacancy (see Fig. 2(b) and (c)).
Depending on the orientation of the divacancy relative to the axial direction of the tube, two types of such divacancies can
be produced. One type involves two single-atom vacancies that are oriented perpendicularly (Fig. 2(b)), while the other
involves two single-atom vacancies that are oriented in parallel (Fig. 2(c)). Once a covalent bridge is formed, the migration
barrier of the associated single-atom defects increases markedly, which effectively immobilizes the defects at room
temperature.
In this article, we extend the existing quasi-continuum method (Arroyo and Belytschko, 2002) by incorporating the
effects of inter-wall covalent bridges. With the extended quasi-continuum method, we systematically investigate the
deformation morphologies and energetics of covalently bridged MWCNTs. Our simulation results show that the inter-wall
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Fig. 2. Three types of inter-wall bridges between graphene shells. Atoms colored differently (red and green) belong to different walls: (a) an sp3 bridge
formed by an interstitial (colored by blue); (b) an sp2 bridge formed by two single-atom vacancies oriented perpendicularly; and (c) an sp2 bridge formed
by two single-atom vacancies oriented in parallel. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web
version of this article.)

covalent bridges not only enhance the mechanical properties of the MWCNTs, but also inﬂuence their deformation
morphologies. In Section 2, we will introduce the extended quasi-continuum model, where the inter-wall interaction
energy is homogenized through message passing from atomistic simulations. In Section 3, we will present the mechanical
properties and the deformation morphologies of the MWCNTs. Energetic analyses are performed in Section 4 to elucidate
the deformation phase transition mechanisms. Discussions and conclusions are provided in Section 5.
2. Extended quasi-continuum model
All-atom molecular dynamics/mechanics (MD/MM) simulations with empirical force ﬁelds have been routinely
performed to study the inter-wall bridge formation due to ion irradiations and the mechanical properties of bridged
MWCNTs and CNT bundles (Xia et al., 2007; Song and Zha, 2009). However, these studies have been limited to SWCNTs or
MWCNTs with only a few graphene shells due to the large computational cost. To span the accessible length scales, a
number of coarse-grained approaches have been proposed (Arroyo and Belytschko, 2002; Zhang et al., 2002; Pantano et al.,
2003; Buehler, 2006; Cao and Chen, 2006; Zhang et al., 2007a; Zou et al., 2009). Since the deformed shells exhibit material
and geometry nonlinearities, models with correct inﬁnitesimal moduli describe only qualitatively the large deformation
mechanics of MWCNTs. In our simulations, we extend the quasi-continuum model of Arroyo and Belytschko (2002) for
graphene shells by including the effects of inter-wall covalent bridges. In this model, the elasticity of the monolayer
graphene shell is systematically inherited from the underlying interatomic potentials. Therefore, material nonlinearity is
faithfully incorporated. The discrete sum of inter-wall vdW interactions is replaced by integrals over graphene surfaces
through homogenization, thereby substantially improving computational efﬁciency. The in-plane and out-of-plane
elasticity furnishes the constitutive law governing the mechanical responses of the MWCNTs, and can be conveniently
implemented in a standard ﬁnite element framework. As extensively tested (Arroyo and Belytschko, 2002, 2003, 2004;
Arias and Arroyo, 2008; Arroyo and Arias, 2008; Huang et al., 2008b, 2010), the coarse-grained model accurately
reproduces atomistic simulations and the computational efﬁciency is improved by about two orders of magnitude as
compared to its atomistic counterpart. A comprehensive description of this quasi-continuum model can be found in
relevant references (Arroyo and Belytschko, 2002, 2004). For completeness, the essential idea of the quasi-continuum
model is also revisited in our following discussions.
2.1. Interaction potentials
We adopt the modiﬁed second-generation Tersoff–Brenner potential (Shenderova et al., 2000; Belytschko et al., 2002;
Brenner et al., 2002), denoted by MTB-G2, to describe the bonded C–C interactions, as
XX
V R ðrij Þbij V A ðrij Þ
ð1Þ
E¼
i

j

where rij is the distance between atoms i and j, VR and VA are the pair-wise repulsive and attractive interaction potentials,
respectively, bij is the bond-order function that has a complicated dependence on the bond angles and bond lengths
involving atoms i and j.
The inter-wall vdW interaction is described by the classical Lennard–Jones (LJ) potential (Girifalco et al., 2000) as


Z 1 6 r0 12 r0 6
ð2Þ
l

Vnb ðrÞ ¼ 6
r
r
r0 2
where r is the interatomic distance, l =2.7 is a dimensionless constant, r0 = 1.42 Å is the equilibrium bond length, and
Z = 1.52 eV Å6. When self-adhesion of an individual shell is not a concern, vdW interactions for carbon atoms on the same
shell are neglected and only inter-wall vdW interactions are taken into account.
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2.2. Force-separation law of inter-wall bridges
To establish the force-separation law of the inter-wall bridges, we set up a simulation model consisting of a (5,5)/
(10,10) double-walled CNT (DWCNT) of 60 Å in length. A single inter-wall covalent bridge, shown in Fig. 3, is introduced
to bridge the walls. For the two types of sp2 bridges, only the type shown in Fig. 2(c) is considered in our simulations;
results for the other type are quantitatively similar. In our simulations, vdW interactions are not included. The covalently
bridged DWCNT is fully relaxed free of any constraints using a limited memory BFGS geometry optimization algorithm (Liu
and Nocedal, 1989). The relaxed conﬁguration is adopted as an initial geometry for determining the shearing and normal
pulling responses of the DWCNT. To obtain the normal pulling response, roughly half side of each wall cut from the radial
direction is held ﬁxed. The ﬁxed sides are the lower sides of inner tubes and the upper sides of outer tubes in Fig. 3(a) and
(b). Incrementally moving the inner ﬁxed side downward and the outer ﬁxed side upward effectively pulls the two walls
apart. To realize the shear displacement, one end of each tube is ﬁxed by constraining a ring of carbon atoms, while the
other end is completely free. The ﬁxed ends of these two tubes are opposite to each other with one on the left side while
the other on the right. The two tubes are sheared by incrementally moving the ﬁxed rings of atoms in the opposite
directions until the bridge breaks. For either loading case, the DWCNT is relaxed at each incremental loading step, and the
total system potential energy is calculated. As a critical normal or shear displacement, the pulling/shearing force abruptly
drops, indicating the breakage of the inter-wall bridge.
The potential energy of inter-wall bridges, denoted by Vbg, is composed of two parts, which in general can be written as
Vbg ¼ Vr þVy ,

ð3Þ

where Vr and Vy are, respectively, due to the change of the length and angle of the bridge. Normal pulling only stretches the
bond, which gives rise to the potential energy function Vr. Shearing of the two tubes changes both the length and the angle
of the bridges. Combining the simulations of the two loading conditions, the potential energy function Vy can be obtained.
To simplify our analysis, the potential energies are approximated by quadratic functions,
Vr ¼ 12kr ðrr0 Þ2

ð4aÞ

Vy ¼ 12ky ðyy0 Þ2

ð4bÞ

where kr and ky are the stiffnesses. The parameters of the quadratic functions obtained from our simulations are listed in Table 1.
Due to the presence of the inter-wall bridges, the two-tube bundles or MWCNTs are pre-strained. The bond lengths r0
are chosen such that the reference state of the continuum model, as presented below, builds up the same amount of prestrain energy as the atomistic model. This criterion coincidently leads to r0 E0.28 nm for both bridge types. The bond angle
for the sp3 bridges is zero with respect to the radial direction. However, for the sp2 bridges in the fully relaxed state the
bond angle is non-zero with respect to the radial direction. In our simulations, we also set y0 for the sp2 bridges to be zero
to reﬂect the statistics of the sp2 bridge angles (can be positive and negative). Further, there exists a critical bridge length
beyond which the bridge breaks. We note that the bridge angle negligibly affects the critical bridge length. Thus, the cutoff
lengths of the two types of bridges are set to be those obtained from normal pulling simulations.

Fig. 3. All-atom molecular mechanics simulations of the mechanical responses of the inter-wall bridges. (a) A (5,5)/(10,10) DWCNT tube bridged by an
sp3 bond. Left: side view; right: cross-sectional view. (b) A (5,5)/(10,10) DWCNT tube bridged by an sp2 bond (shown in Fig. 2(c)). Left: side view; right:
cross-sectional view. (c) Potential energies of the covalent bridges under imposed normal and shear pulling displacements.

Table 1
Potential parameters for the inter-wall bridges.
Bridge type

r0 (nm)

y0 (rad)

kr (aJ/nm2)

ky (aJ/rad2)

rcut (nm)

sp3
sp2

0.28
0.28

0
0

43.31
34.60

2.20
2.54

0.52
0.57
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2.3. Atomistically informed constitutive model for bridged shells
For an atomic system, the total system energy is a discrete sum of the interatomic interaction potentials. To develop a
constitutive model of the continuum counterpart, these discrete energies need to be homogenized. Homogenization
schemes for the three types of interactions, intra-wall covalent binding energy, inter-wall vdW energy, and the inter-wall
covalent bridging energy, are described below.
Intra-wall covalent binding energy: For space-ﬁlling crystalline materials, the standard Cauchy–Born rule (Milstein,
1982) establishes a link between the atomistic and the continuum descriptions for the bonded interactions. The
mathematical description of the kinematics coupling is written as
a ¼ FA

ð5Þ

where F is the deformation gradient, and A and a are the lattice vectors in the undeformed and deformed conﬁgurations,
respectively. However, when mapping the deformation of a single-atom thick crystalline ﬁlm in a three-dimensional space,
the standard Cauchy–Born rule breaks down due to the fact that the lattice vectors in a curved surface are chords and are
not tangential to the surface; whereas the deformation gradient F operates on vectors tangential to a surface. To overcome
this conceptual drawback, an exponential Cauchy–Born rule was proposed (Arroyo and Belytschko, 2002) as
a ¼ F XA

ð6Þ

where F X transforms the undeformed lattice vector into a deformed one. Through a local approximation of the exponential
map (Arroyo and Belytschko, 2004), the deformed lattice vectors and the angles between two lattice vectors can be
analytically represented in terms of the continuum deformation measures of the surface,
i.e., the Green deformation tensor
pﬃﬃﬃ
2
C and the curvature tensor K. We consider a representative unit cell of area s0 ¼ ð3 3=2Þ:A0 : containing two inequivalent
nuclei and three inequivalent bonds in the reference, undeformed conﬁguration. The strain energy of the unit cell Ecell, and
hence the hyperelastic strain energy density W (WðC; KÞ ¼ Ecell =s0 ), can be then analytically formulated in terms of
underlying interatomic potentials. Thus, the covalent binding energy for the continuum region that is subject to the
deformation map f that maps from undeformed to deformed conﬁgurations is
Z
W½CðfðXÞÞ,KðfðXÞÞ dX0
ð7Þ
Ecv ¼
X0

where X is a material point in the undeformed conﬁguration of surface area O0.
Inter-wall vdW energy: Homogenization of the discrete nonbonding energy between two unit cells gives rise to the vdW
energy density:
 2
2
Vnb ðrÞ
ð8Þ
V^ nb ðrÞ ¼
s0
where r is the separation between two material points. Note that the factor of two on the right-hand side of Eq. (8) comes
from the fact that each unit cell contains two nuclei. The continuum form of the nonbonding energy Enb is a double integral
over two graphene shells:
Z Z
1
99fðXÞfðYÞ99 dX0X dX0Y
ð9Þ
V^
Enb ¼
2 X0X X0Y nb
where X and Y are the two material points that sit on two different CNT walls.
Inter-wall bridging energy: The inter-wall bridging energy is homogenized in the similar manner as the inter-wall vdW
interaction energy. We denote r =nbg/s0 the inter-wall bridge density, where nbg is the number of the covalent bridges in
each unit cell. The potential energy density (per unit area) can thus be written as
V^ bg ¼ rVbg ð99fðXÞfðXuÞ99Þ

ð10Þ

where X and X0 are two material points that are located on neighboring shells, representing the two ends of the interwall bridges. The total potential energy due to the inter-wall covalent bridges at the deformed conﬁguration can be written
as
Z
ð11Þ
V^ bg ð99fðXÞfðXuÞ99Þ dX0
Ebg ¼
X0

Note that the potential energy of the covalent bridges takes a form (single integral) different from that of the vdW
interaction energy (double integral). This is due to the fact that, once one end of the intertube covalent bond is identiﬁed,
the other end is accordingly determined. In our simulations, the wall whose reference conﬁguration contains the material
point X is treated as the master surface, while the wall whose reference conﬁguration contains the material point X0 as the
slave surface. Unlike the vdW interaction energy where a double integral over both the CNT surfaces is necessary for
calculating the total energy contribution, the potential energy due to the covalent bridges involves an integral over only
the master surface.
The continuum forms of the three interaction energies furnish the continuum constitutive relations, which facilitate
the ﬁnite element simulations. In our numerical calculations of the total system energy and the ﬁrst derivative
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(the negative forces), we use 2, 9, and 2 Gauss quadrature points, respectively, to integrate the intra-wall covalent bind
energy, the inter-wall vdW energy, and the inter-wall covalent bridging energy.
The weakening effects of single-vacancy defects: Previous atomistic and quantum mechanical calculations concluded that
the presence of the single-vacancy defect reduces the in-plane stiffness of CNTs (Mielke et al., 2004; Zhang et al., 2005). We
have performed systematic studies using a (10,0) tube as a model system, and established a relationship between the
reduction percentage a as a function of the defect density r. The reduction percentage of the in-plane stiffness is nearly
proportional to the defect density (Mielke et al., 2007), i.e., a = Zr, where Z E3, provided that the defects are not sufﬁciently
close to each other such that direct interaction between the defects is non-negligible. Considering that C–C interactions are
short-ranged, this assumption is reasonable as long as the defect density is not too high. To account for the weakening
effect, we rescale the in-plane covalent binding energy by using Z as the scaling factor. Due to this rescaling, the in-plane
stiffness is accordingly reduced. Such rescaling has been successfully employed in a previous study (Khare et al., 2007).
Model validation: We validate the extended multiscale model by comparing the deformation energetics of a doublewalled CNT under compression obtained by the fully atomistic model and by our multiscale model, as shown in Fig. 4. The
DWCNT is constituted by a (5,5) inner shell and a (10,10) outer shell, and is 6 nm long. Fully atomistic simulations are
performed for the non-bridged DWCNT and the 1% sp3 bridged DWCNT. While multiscale simulations are performed only
for the 1% sp3 bridged DWCNT. Fig. 4 plots the variation of the deformation energy of the DWCNTs as a function of
compression strain. The energy curve of the bridged DWCNT predicted by the multiscale model follows very well with that
by the fully atomistic model in the harmonic deformation regime. Both the models predicted that the bridged DWCNT
buckles at the strain of  5%. Beyond the buckling strain, the energy curve predicted by the multiscale model only slightly
deviates from that by the fully atomistic model. Unlike the non-bridged DWCNT for which an abrupt energy drop appears
at the buckling point, the transition from the harmonically deformed regime to buckled regime is hardly graphically
appreciable, manifesting the strengthening role of the inter-wall bridges, but is distinctly different from that of the nonbridged DWCNT. The deformation energetics of the bridged DWCNT is considerably different from that of the non-bridged
one when the compression strength is beyond 4%.
2.4. Pre-buckling properties of MWCNTs
In the pre-buckling regime, an MWCNT can be simply treated as a series of linear springs, where the inter-wall
interactions play a negligible role. For an n-walled MWCNT, the total energy of an MWCNT under torsion, bending, and
compression can be written as
8
P
>
pLa2 tGs ni¼ 1 ri3
Twisting
>
<
Pn
2
3
p
LY
t
j
r
Bending
1=2
ð12Þ
ETotal ¼
s
i¼1 i
>
>
: pLYs t e2 Pn ri
Compression
i¼1

where a, k, and e are the torsional angle, bending curvature, and compressive strain, respectively; L is the length of the
MWCNT; t is the thickness of the graphene wall; Gs and Ys are the shear modulus and Young’s modulus of each layer; and ri
is the radius of the ith wall in the MWCNT. For the second-generation Brenner potential, analytical models (Chang and Gao,
2003, Arroyo and Belytschko, 2004) predicted the Young’s modulus of the shells of  243/t J/m2 and the Poisson’s ratio of

Fig. 4. Comparison of the deformation energetics of a double-walled CNT under compression extracted by the fully atomistic model and the multiscale
model.
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0.397, where t =0.066 nm (Liu et al., 2003). Treating the graphene shell as an isotropic material, one follows Gs =86.97/t J/
P
P
m2. The torsional, bending, and compression spring constants of the MWCNT are: 2ptGs ni¼ 1 ri3 , pYs t ni¼ 1 ri3 , and
Pn
4
2
4
pYs t i ¼ 1 ri , respectively. For a 10-layer MWCNT, the spring constants are 6.49  10 nN nm , 9.36  10 nN nm2, and
2.86  104 nN, respectively. The spring constants will be used to validate our numerical analysis presented below.
3. Results and analyses
In this section, we present our simulation results regarding the deformation morphologies and energetics of covalently
bridged MWCNTs under bending, twisting, and compression. All the simulations are performed on a 10-walled MWCNT
indexed as (5,5)/(10,10)/y/(50,50). Size and chirality effects are of interesting topics but beyond the scope of the present
study. The spacing between neighboring shells in the MWCNT is roughly 0.34 nm. The graphene shells in the MWCNT are
coarse-grained by ﬁnite elements, where the mesh size effect is carefully studied to ensure the simulation convergence. To
illustrate the effects of the inter-wall covalent bridges, simulation results of the non-bridged MWCNT are also presented.
For a very large inter-wall bridge density, the sp2-bridged MWCNT is close to an amorphous diamond. On the other hand,
for a very large sp2 bridge density, interaction between the intra-wall vacancy defects becomes signiﬁcant. In our
simulations, we restrict our simulations to a relatively low bridge density (up to 4%) so that the interstitial carbon atoms do
not interact to form extra covalent bonds and the vacancy defects associated with sp2 bridges do not interact to form large
open-ring structures. Since the deformed MWCNTs in our simulations exhibit evolving morphologies, as shown below, we
here make a clear distinction between the wave-like rippling pattern and the diamond-shaped (Yoshimura) pattern.
All the simulations presented below are based on ground-state energy minimization, where temperature effects are not
taken into account. One notes that at high temperatures, the inter-wall bridges may undergo reconstruction; the singlevacancy defects associated with sp2 bridges may diffuse along the graphene shells. Thus, our quasi-static simulation results
are valid only at relatively low temperatures (up to room temperature).
3.1. Twisting
Deformation morphology and energetics of non-bridged MWCNTs under torsion have been prevously studied (Arias
and Arroyo, 2008; Huang et al., 2008b; Zou et al., 2009). When the torsional strain (torsional angle per unit length) exceeds
a critical value the twisted MWCNTs buckle and exhibit periodic wave-like rippling pattern. The buckling strain scales with
Ra, where R is the radius of the MWCNT and a E  1.72. The wave number in the circumferential direction varies with the
diameter of the MWCNTs. These studies further showed that the torsional response follows a bilinear law, where the ratio
of the post-buckling rigidity to the pre-buckling rigidity is nearly constant ( 0.62 for the MTB-G2 potential) (Huang et al.,
2008b). Here, the post-buckling morphology of the bridged MWCNTs is examined and compared with that of the nonbridged MWCNT.
To study the response of the bridged MWCNTs subject to torsion, the ﬁnite element nodes at the ends of the MWCNTs
are held ﬁxed. The ﬁxed nodes at one end of the MWCNTs are incrementally rotated with respect to those at the other end,
thereby effectively twisting the MWCNTs. The limited-memory BFGS algorithm is implemented to minimize the energy at
each loading step, thereby ﬁnding stable equilibrium conﬁgurations. All the twisted MWCNTs are of 34 nm long. Rippling
pattern appears along the MWCNTs when the torsional strain exceeds a critical value. Fig. 5 depicts the longitudinal and
cross-sectional views of the rippling morphologies of the sp3- and sp2-bridged MWCNTs (Fig. 5(a) and (b), respectively) at
the applied torsional strain of f = 0.0205 nm  1. In each subﬁgure, the inter-wall bonding density varies from 0%

Fig. 5. Rippling patterns of twisted MWCNTs at f =0.0205 nm  1 for different inter-wall bridge density r: (a) the sp3-bridged MWCNT and (b) the
sp2-bridged MWCNT. In each subﬁgure, the inter-wall bridge density ranges from 0% (non-bridged) to 4% from left to right.
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(non-bridged) to 4% from left to right. For all the MWCNTs except for that with 4% sp2 bridges, the cross-sectional views
show that the initial circular shape turns into a polygonal shape with rounded corners. For 4% sp2 inter-wall bridge density,
rippling is not graphically distinguishable and the cross-section is deformed into an oval-shaped conﬁguration. Despite
that the rippling morphologies are similar, the wave number in the circumferential direction of the rippling patterns
monotonically increases with the inter-wall bridge density. For example, for the sp3-bridged MWCNTs, the wave number in
the circumferential direction changes from 6 to 9 incrementally as the inter-wall bridge density varies from 0% to 4%. The
wavelength in the longitudinal direction is inversely proportional to the wave number in the circumferential direction, and
thus monotonically decreases with the inter-wall bridge density.
Fig. 6 quantiﬁes rippling amplitudes as a function of the torsional strain (a) (r = 2%) and inter-wall bridge density (b) in
the twisted MWCNTs. Fig. 6(a) shows that at small torsional strains, the MWCNTs uniformly deform without
distinguishable rippling. The rippling amplitudes abruptly arise when the torsional strain reaches a critical value,
indicating the occurrence of instability due to rippling. The critical torsional strain for the non-bridged MWNCT is much
smaller than the bridged ones. Fig. 6(b) shows that with increasing inter-wall bridge density the rippling amplitude
decreases monotonically, manifesting the strengthening role of the inter-wall bridges. From an energetics point of view,
rippling is driven by the in-plane strain energy release, penalized by the inter-wall interaction energy. Due to the
weakening effects of intra-wall defects, the in-plane rigidity of the sp2-bridged MWCNT is lower, corresponding to a lower
driving force for the ripping pattern. This explains that the rippling amplitudes for the sp3-bridged MWCNTs are slightly
larger than those of the sp2-bridged MWCNTs at small bridge density. For the non-bridged MWCNT, the inter-wall energy
penalty for the ripping pattern to occur is the smallest, which explains its highest rippling amplitude.
In Fig. 7 we show the torque–torsional strain relations of the twisted MWCNTs, where the inter-wall bridge density for
the bridged MWCNTs is 2%. Each curve exhibits a turning point, corresponding to the rippling strain, which separates the
uniformly deformed and rippling regimes. While the rippling strains for the bridged MWCNTs are similar, they are much
larger than that of the non-bridged MWCNT. All the curves are approximately bilinear, and the post-rippling rigidities are
smaller than the pre-rippling rigidities. Since the inter-wall bridges are inactive in the pre-rippling regime, the pre-rippling
rigidities for the sp3-bridged and non-bridged MWCNTs are the same, which is slightly larger than that of the

Fig. 6. Rippling amplitude as a function of the torsional strain (a) and of the inter-wall bridge density (b).

Fig. 7. Torque–torsional strain relation of twisted MWCNTs.
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Fig. 8. (a) Post-rippling rigidity for the sp3-bridged MWCNT increases nearly linearly with inter-wall bridge density. For the sp2-bridged MWCNTs, the
post-rippling rigidity increases and reaches a peak at r = 3%, beyond which it decreases monotonically due to the weakening effect of intra-wall defects.
(b) The rippling strain increases monotonically with inter-wall bridge density.

sp2-bridged MWCNT because of the weakening effect of the intra-wall defects. We note that the pre-rippling rigidity for
the sp3-bridged and non-bridged MWCNTs is 6.78  104 nN nm2, which is fairly close to the analytical value derived from
the Cauchy–Born hypothesis (6.49  104 nN nm2).
Fig. 8(a) shows the post-rippling rigidities of the bridged MWCNTs, normalized by that of the non-bridged MWCNT, as a
function of the inter-wall bridge density. For the sp3-bridged MWCNTs, the post-rippling rigidity increases monotonically
with the inter-wall bridge density. While for the sp2-bridged MWCNTs, the post-rippling rigidity reaches a maximum at
r 3%; further increasing inter-wall bridge density leads to decreased post-rippling rigidity. This trend can be attributed to
the weakening effect of the vacancy defects associated with sp2 bridges. The post-rippling rigidities of the bridged
MWCNTs are much larger than that of the non-bridged one, and comparable to their pre-rippling rigidities. This manifests
the strengthening effects of the covalent bridges in MWCNTs. For 4% sp3-bridged MWCNT, the post-rippling rigidity
increases by 50% as compared to that of the non-bridged MWCNT. Fig. 8(b) shows that the rippling strains for the bridged
MWCNTs are fairly close at relatively low inter-wall bridge densities. At a higher inter-wall bridge density, the rippling
strains for the sp2-bridged MWCNTs are higher than those of the sp3-bridged ones, simply because the sp3-bridged
MWCNTs are more rigid. Due to the strengthening effects of the inter-wall bridges, the rippling strains for the bridged
MWCNTs are much larger than that of the non-bridged MWCNT (r =0).
3.2. Bending
A bent SWCNT develops a local kink, much like that seen in a bent drinking straw (Fig. 1(a)). In contrast, a bent nonbridged MWCNT features the Yoshimura (diamond-shaped) pattern on the compressive side, where the wavelength and
amplitude vary with the thickness of the MWCNT (Lourie et al., 1998; Bower et al., 1999; Poncharal et al., 1999; Liu et al.,
2001; Pantano et al., 2004; Arias and Arroyo, 2008). To probe bending responses of MWCNTs, our simulation setting
mimics the four-point bending experiment, where four supplementary short (10,10) SWCNTs are used, with two placed on
the top, the other two on the bottom of the MWCNT under investigation. The supplementary SWCNTs are rigid and thus
non-deformable. The MWCNT to be bent is 108 nm long, consisting of totally  140,000 degrees of freedom. The bottom
two SWCNTs are 98 nm apart while the top two are 63 nm apart. By moving the top two rigid tubes downward stepwise,
the central portion of the MWCNT undergoes pure bending. At each step, the entire system is relaxed and equilibrium is
obtained by energy minimization. The bending moment at each step can be determined from the reaction forces and the
positions of the rigid SWCNTs.
Fig. 9 shows the morphologies of the bent MWCNTs at two different applied bending curvatures, 0.0115 nm  1
(Fig. 9(a1), (a2), and (a3)) and 0.0137 nm  1 (Fig. 9(b1), (b2), and (b3)). In each subﬁgure, the three MWCNTs from top to
bottom are the non-bridged, sp3- and sp2-bridged, respectively. The inter-wall bridge density of the bridged MWCNTs is 2%.
Figs. 9 (a1) and (b1) are side views; (a2) and (b2) are longitudinal views; and (a3) and (b3) are cross-sectional views of the
ridges and valleys, respectively. Our simulations show that with increasing bending curvatures, the non-bridged MWCNT
transits from the uniformly deformed phase directly to the Yoshimura pattern. In contrast, the bridged MWCNTs exhibit
multiple morphological phase transitions. With increasing bending curvature, the uniformly deformed phase transits to
rippling pattern and ﬁnally to Yoshimura pattern, as shown in Figs. 9(a1) and (b1). The cross-sectional views of the bent
MWCNTs show different conﬁgurations. For the bridged MWCNTs at the low bending curvature, the cross-sections at
valleys only show little distortion from the circular shape, while those at ridges are deformed into an oval-shaped
conﬁguration. The cross-sectional views of all the bent MWCNTs with the Yoshimura pattern are similar. The crosssections at valleys have a ﬂattened edge; the cross-sections at ridges have two fattened edges that meet at a rounded
corner. By examining the longitudinal and cross-sectional views, one notes that the innermost two shells hardly deform in
the radial direction because of their relatively high radial rigidity. Rather, our simulations reveal that they are highly
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Fig. 9. Post-buckling morphologies of bent MWCNTs. (a1) and (b1): side views; (a2) and (b2): longitudinal views; (a3) and (b3): cross-sectional views. In
each subﬁgure, from top to bottom the MWCNTs are non-bridged, sp3-bridged and sp2-bridged, respectively. (a1), (a2), and (a3) are taken at
k =0.0115 nm  1, while (b1), (b2), and (b3) are at k =0.0137 nm  1.

Fig. 10. Wave amplitude as a function of applied bending curvature (a) and of inter-wall bridge density (b).

twisted as an effective mechanism to release the elastic strain energy. Such an energy release mechanism via twisting of
the inner tubes has been previously revealed by all-atom MD simulations (Li et al., 2007).
The wave amplitude as a function of the applied bending curvature and of the inter-wall bridge density is plotted in
Fig. 10. Fig. 10(a) shows that the wave amplitude suddenly arises at a critical bending curvature, indicating the occurrence
of buckling (rippling or Yoshimura pattern). At the same bending curvature (k = 0.0115 nm  1), the wave amplitude of the
non-bridged MWCNT is the largest, while that of the sp2-bridged MWCNT is the lowest. Fig. 10(b) shows that with
increasing inter-wall bridge density, the wave amplitude decreases monotonically for both sp3- and sp2-bridged MWCNTs.
All the trends are the same as those seen in twisted MWCNTs.
Fig. 11(a) shows the bending moment vs. curvature relations. For the bridged MWCNTs, the inter-wall bridge density is
2%. The pre-buckling rigidities of the non-bridged and the sp3-bridged MWCNTs are 9.81  104 nN nm2, which is fairly
close to the theoretical prediction. Due to the weakening effect of the intra-wall defects, the pre-buckling rigidity of the
sp2-bridged MWCNT is 9.38  104 nN nm2, slightly lower than the other two MWCNTs. It should be mentioned that the
inter-wall bridges have little effect on the pre-buckling rigidity because they remain intact in this loading regime.
Compared to the non-bridged MWCNT, the bridged MWCNTs have much higher post-buckling rigidities. In addition, the
rippling and buckling regimes have the similar rigidities. The post-buckling rigidities of the bridged MWCNTs are
comparable to the pre-buckling rigidity, demonstrating that the bridges play a strong strengthening role. Fig. 11(b) plots
the post-buckling rigidities of the bridged MWCNTs normalized by that of the non-bridged MWCNT as a function of the
inter-wall bridge density. For the sp3-bridged MWCNT, its post-buckling rigidity increases nearly linearly with the interwall bridge density. It is expected that at the saturated inter-wall bridge density, the bridged MWCNT resembles
amorphous diamond structures, and its rigidity should be close to that of a nano-diamond. While for the sp2-bridged
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Fig. 11. (a) Bending response of a 10-layer MWCNT and (b) post-buckling rigidity as a function of inter-wall bridge density.

Fig. 12. Deformation morphologies of uniaxially compressed MWCNTs. (a)–(c) Longitudinal views of the three MWCNTs. In each subﬁgure from left to
right, the MWCNTs are non-bridged, 4% sp3-bridged, and 4% sp2-bridged. The compressive strains are 0.015 in (a), 0.032 in (b), and 0.04 in (c). (d)–(g)
Cross-sectional views of the left MWCNTs in (a), of ridges and valleys of the left and central MWCNTs in (b), and of the central MWCNT in (c), respectively.

MWCNT, because of the weakening effects of the defects involved, the post-buckling rigidity increases nonlinearly and
approaches its maximum at r =4%.
3.3. Compression
Our previous studies showed that under uniaxial compression the constituent shells in MWCNTs buckle in a
coordinated manner (Huang et al., 2010). Due to the large discrepancy of the aspect ratios of the inner and outer shells, the
outer shell undergoes shell buckling, while the inner shell undergoes beam buckling. The coordinated buckling mechanism
results in helical diamond pattern on the outer shells, while the innermost shell undergoes internal twisting and bending,
featuring a spiral conﬁguration. Though each graphene shell behaves nonlinearly, the mechanical response of thick
MWCNTs under uniaxial compression follows a bilinear law, where the ratio of the post-buckling rigidity to the
pre-buckling rigidity is a constant, independent of the tube diameter.
Fig. 12 shows the post-buckling morphologies of the compressed MWCNTs at three different applied compressive
strains e, 0.015 (a), 0.032 (b), and 0.04 (c). In each subﬁgure, the three conﬁgurations from left to right are for the nonbridged, 4% sp3-bridged and 4% sp2-bridged MWCNTs. At the compressive strain of 0.015, only the non-bridged MWCNT
ripples. At the moderate compressive strain of 0.032, the bridged MWCNTs ripple, while the non-bridged MWCNT exhibits
a helically arranged diamond pattern. At a still larger compressive strain, the amplitude of the rippling pattern in the
non-bridged MWCNT increases, while the rippling and diamond patterns coexist in the bridged MWCNTs. Fig. 12(d) shows
the cross-sectional view of the left-most tube in (a), where the radial distortion due to rippling is hardly distinguishable.
Fig. 12(e) shows cross-sections at ridges (left) and valleys (right) of the left-most tube in Fig. 12(b). A ﬂattened edge
appears in the cross-sections at the ridges, while a sharp corner appears in the cross-sections at valleys. These crosssectional views shown in Fig. 12(f) correspond to the central tube in Fig. 12(b), where the cross-sections at ridges (left) and
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valleys (right) are in polygonal shape. The cross-sectional views at a higher compressive strain, as shown in Fig. 12(g), are
similar to (e), except that the cross-sections are even further distorted.
Fig. 13 shows the stress–strain curves for the 4% sp3- and sp2- and non-bridged MWCNTs. For the non-bridged MWCNT,
the reaction force abruptly drops at the buckling strain. While for bridged MWCNT, the reaction force does not drop
appreciably when rippling occurs. The reaction force continues to increase nearly linearly in the rippling regime. The
decreasing of the reaction force is observed after the MWCNT reaches its secondary instability (buckling) strain at which
helically arranged diamond pattern appears. We note that the harmonic and post-rippling rigidities are nearly the same,
and the entire mechanical responses of the MWCNT prior to Yoshimura pattern can be characterized by a simple linear
law. Compared to the non-bridged MWCNT, the linear regime of 4% bridged MWCNT has been strengthened by 180%. In
the Yoshimura regime, however, the post-buckling rigidities are negative, which appears to agree with previous
experimental data (Yap et al., 2007). Fig. 13(b) shows the post-buckling rigidities of the bridged MWCNTs normalized by
that of the non-bridged MWCNT as a function of the inter-wall bridge density. Similar to the trend observed for the postbuckling rigidity of the bent MWCNTs, the post-buckling rigidity of the sp3-bridged MWCNT increases with increasing
inter-wall bridge density. While for the sp2-bridged MWCNTs, the post-rippling rigidity reaches a maximum at r  0.3. For
both sp3- and sp2-bridged MWCNTs, the post-ripping rigidities are much larger (6–8 times) than that of non-bridged
MWCNTs.
4. Energetics of evolving deformation morphologies
The load-driven multiple morphological phase stability calls for detailed analyses. In Fig. 14(a) and (b), we constructed
deformation phase diagrams for both sp3- and sp2-bridged MWCNTs under bending in the plane of bending curvature k
(unit: nm–1) and inter-wall bridge density r. At a ﬁxed bridge density, for low bending curvatures, the MWCNTs behave as
elastic beams and are uniformly bent (phase I). When the bending curvature increases and reaches a critical value,
wave-like periodic rippling pattern (phase II) appears. Such rippling pattern resembles that observed in twisted MWCNTs
(Huang et al., 2008b). With further increased bending curvature, the rippling pattern transits into the Yoshimura pattern

Fig. 13. (a) Stress–strain relation for the uniaxially compressed MWCNTs. For the bridged MWCNT, rippling occurs at much larger compressive strains.
The post-rippling rigidities of the bridged MWCNTs are much larger than the post-buckling rigidity of the non-bridged MWCNT. The post-buckling
rigidities of the MWCNTs, however, are negative. Rippling and buckling points are indicated. (b) With increasing inter-wall bridge density, the postrippling rigidity increases for sp3-bridged MWCNTs. While for the sp2-bridged MWCNTs, the post-rippling rigidity reaches a maximum at r  0.3.

Fig. 14. The phase diagram of deformation morphologies of the bridged MWCNTs on the plane of bending curvature and interlayer bonding density.
(a) The phase diagram for sp3-bridged MWCNTs. (b) The phase diagram for sp2-bridged MWCNTs. (c) Three deformation phases: (I) uniformly deformed
phase; (II) rippling phase; and (III) Yoshimura phase.
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Fig. 15. The phase diagram of deformation morphologies of the uniaxially compressed MWCNTs in the plane of compressive strain and inter-wall bridge
density. (a) The phase diagram for sp3-bridged MWCNTs. (b) The phase diagram for sp2-bridged MWCNTs. (c) Three deformation phases: (I) uniformly
deformed phase; (II) rippling phase; and (III) helically arranged diamond pattern or coexisting phase.

(phase III). The longitudinal views of the three characteristic morphologies on the bent side of the MWCNT are shown on
the right of Fig. 14. The rippling pattern is absent in the non-bridged MWCNT (r = 0); the uniformly deformed phase
transits directly into the Yoshimura pattern at the critical curvature of 0.0056 nm  1. Increasing the inter-wall bridge
density effectively widens the curvature range within which ripping pattern appears. For both bridge types, the transition
curvatures linearly scale with the inter-wall bridging density, giving rise to linear phase boundaries. The slopes of these
linear phase boundaries are indicated in the ﬁgure. The linear scaling manifests the strengthening effect of the interlayer
bridges against structural instability.
Fig. 15 shows the phase diagrams of the bridged MWCNTs under uniaxial compression, where the regimes of the
uniformly deformed (I), rippled (II), and diamond or coexisting (III) phases are indicated in the space of the compressive
strain e and the inter-wall bridge density r. The phase transition boundaries are all nearly linear, and the slopes of the
transition boundaries are indicated in Fig. 15(a) and (b) for the sp3-bridged and sp2-bridged MWCNTs, respectively. The
rippling pattern hardly occurs for the non-bridged MWCNT (r =0); the uniformly deformed phase transits almost directly
into the Yoshimura pattern at the critical compressive strain of 0.015. Due to the presence of the inter-wall covalent
bridges, the coordinated nature of the buckling of the constituent shells is pronounced. For the non-bridged MWCNT, the
instability strains for the rippling and diamond patterns are very close to each other. With increasing inter-wall bridge
density, the instability strains for these two patterns increase linearly, similar to the linear phase boundaries in bent
MWCNTs. Overall, the regime for rippling pattern is rather narrow. It should be noted that at large compressive strains, the
rippling and diamond patterns coexist for bridged MWCNTs. While for non-bridged MWCNT, only helically arranged
diamond pattern appears.
Using the bent sp3-bridged MWCNT as an example, we next elucidate the deformation energetics that governs the
morphological phase transition. We decompose the total strain energy into the in-plane deformation energy and inter-wall
interaction energy. From our simulation results we identify the two phase transition points that separate the three
deformation phases. The energy curves for these three phases are, respectively, plotted by black, blue, and red symbols
connected by solid lines, as shown in Fig. 16(a) and (b) (r = 2%). To rationalize why rippling pattern appears at moderate
bending curvatures, we compare the relative energetics of the rippling pattern and the Yoshimura pattern (as if it would
occur) in the rippling regime. We extrapolate the curve segments in the Yoshimura regime backward to the rippling regime
(solid red lines in Fig. 16(a) and (b)). We then shift the extrapolated segment such that the extrapolated segment starts
from the transition point from the uniformly deformed phase to the rippling phase. The shifted segments, marked by
dashed red lines in Fig. 16(a) and (b), correspond to the case as if the Yoshimura pattern would occur beyond the uniformly
deformed phase. We found that the dashed red segment is below the blue segment in Fig. 16(a), but above in Fig. 16(b).
This comparison suggests that if replacing the rippling pattern by the Yoshimura pattern at moderate curvatures, it would
cause less in-plane strain energy, but larger inter-wall energy penalty. The differences of the in-plane and inter-wall
interaction energies are plotted in the insets of Fig. 16(a) and (b), respectively. The total energy difference
(DETotal =EYoshimura  ERippling) is plotted in Fig. 16(c) and (d), which gives rise to the relative stability of the rippling
pattern and the Yoshimura pattern. In the rippling regime, the energy difference vanishes at the two phase transition
points, and is always positive in between. This energetics analysis indicates that in the rippling regime the inter-wall
bridging energy dominates the physics. In this regime, the Yoshimura pattern involves very high inter-wall energy penalty,
and is thus energetically disfavored. We also extrapolate the energy curves of the rippling regime forward to the
Yoshimura regime and compare accordingly the energetics. The total energy difference monotonically decreases in the
Yoshimura regime, as plotted in Fig. 16(d). In this regime, the in-plane deformation energy dominates the physics. The
rippling pattern involves much higher in-plane deformation energy than the Yoshimura pattern in this regime, and is thus
energetically disfavored. We have also performed similar energetics analysis for the case of uniaxial compression and
reached the similar conclusions.
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Fig. 16. Energetics analysis of morphological phase transitions in the 10-walled MWCNT under pure bending. (a) In-plane strain energy and (b) inter-wall
interaction energy. In (a) and (b), the energy curves for the uniformly deformed phase, the rippling phase, and the Yoshimura phase are, respectively,
plotted by black, blue and red symbols connected by solid lines. The extrapolated segments from the energy curve of the Yoshimura phase downward to
the rippling phases are shifted and plotted by dashed red lines. The insets plot the energy difference of the rippling pattern and the Yoshimura pattern in
the rippling regime. (c) The total energy difference of the rippling and Yoshimura patterns in the rippling regime. (d) The total energy difference of the
rippling and Yoshimura patterns in the Yoshimura regime. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the
web version of this article.)

5. Discussions and conclusions
We analyzed the deformation morphologies and energetics of covalently bridged MWCNTs within a multiscale
modeling framework. Since the constitutive model of the interatomic potential based hyperelasticity incorporates the
nonlinearity of the intra-wall graphene shell deformation and the cohesive energies originated from the inter-wall vdW
interactions and covalent bridges, the multiscale model is well suited to the study of nonlinear deformation of MWCNTs
while maintaining ﬁdelity with the underlying atomistic responses. The efﬁciency of numerical framework permits the
simulation of signiﬁcantly larger systems than atomistically accessible. However, the quasi-continuum model is only valid
when spatial variation of the continuum deformation ﬁeld is gradual on the atomic scale, and thus cannot address defect
motions that involve strain localization and deformation discontinuity (Li et al., 2004; Dumitrica et al., 2006; Zhang and
Zhu, 2007; Huang et al., 2008a, 2009; Terdalkar et al., 2010). Applicability of the simulation model is also limited to low
inter-wall bridge density. At a high bridge density, the interstitials associated with sp3 bridges would interact to form extra
covalent bonds; the vacancy defects associated with the sp2 bridges would be sufﬁciently close to each other and hence
interact to form large open ring structures from which fracture initiates. Special care needs to be taken to include such
chemical processes that are out of the scope of the present study.
The deformation morphologies of MWCNTs have motivated continual research because of the fundamentally different
deformation mechanisms compared to that of SWCNT buckling. Our simulation results show that the presence of interwall bridges signiﬁcantly enhances the post-buckling rigidities. While the strengthening effect of inter-wall bridges is
expected, their role in modifying the deformation morphology pathways is rather intriguing. For both bending and uniaxial
compression, the bridged MWCNTs ripple as the ﬁrst buckling mechanism; further increasing the applied load drives the
morphology into the Yoshimura regime. This is in distinct contrast to the morphological transition from uniform
deformation directly to Yoshimura pattern in non-bridged MWCNTs predicted by many previous studies (Arroyo and
Belytschko, 2003; Pantano et al., 2003; Li et al., 2007; Arias and Arroyo, 2008; Arroyo and Arias, 2008). Within the rippling
regime, the rigidities of the bridged MWCNT do not suffer drastic loss. The rippling regime is ampliﬁed with increasing
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inter-wall bridge density. This result suggests that tailoring the inter-wall interaction energies thus can modulate the
deformation morphologies (Xu et al., 2008). Indeed, conﬁrmed by our simulations, non-bridged MWCNTs with an interwall distance smaller than 0.34 nm would favor rippling pattern and follow the evolving deformation pathways of the
bridged MWCNTs studied here. Owing to the elastic nature of the deformation, the morphological phase transitions are
reversible upon unloading, which suggests that such MWCNTs may be designed as shape-memory devices with tunable
stabilities. The multiple phase transitions in deformed MWCNTs not only inﬂuence the mechanical properties of the
MWCNTs, but also alter their electronic properties. Our study therefore opens new pathways of tuning the electronic
properties of MWCNTs through mechanical loading.
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