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ABSTRACT: Recent independent experiments demonstrated
that the lithiation-induced volume expansion in silicon
nanowires, nanopillars, and microslabs is highly anisotropic,
with predominant expansion along the ⟨110⟩ direction but
negligibly small expansion along the ⟨111⟩ direction. The
origin of such anisotropic behavior remains elusive. Here, we
develop a chemomechanical model to study the phase
evolution and morphological changes in lithiated silicon
nanowires. The model couples the diffusive reaction of lithium
with the lithiation-induced elasto-plastic deformation. We
show that the apparent anisotropic swelling is critically controlled by the orientation-dependent mobility of the core−shell
interface, i.e., the lithiation reaction rate at the atomically sharp phase boundary between the crystalline core and the amorphous
shell. Our results also underscore the importance of structural relaxation by plastic flow behind the moving phase boundary,
which is essential to quantitative prediction of the experimentally observed morphologies of lithiated silicon nanowires. The
study sheds light on the lithiation-mediated failure in nanowire-based electrodes, and the modeling framework provides a basis
for simulating the morphological evolution, stress generation, and fracture in high-capacity electrodes for the next-generation
lithium-ion batteries.
KEYWORDS: Silicon nanowire, lithium-ion battery, anisotropic swelling, orientation-dependent interfacial mobility, diffusion,
elasto-plastic deformation

The demand for high-capacity lithium-ion batteries (LIBs)
for portable electronics, hybrid electric vehicles, and large

scale energy storage has stimulated the relentless search for new
electrode materials.1−3 Silicon is being considered as one of the
leading candidates to replace current carbonaceous anodes in
LIBs for its high theoretical capacity.4−8 However, rapid,
irreversible capacity decay and poor cyclability, which arise
largely due to the huge volume changes (∼300%) induced by Li
insertion and extraction, remain a major technical barrier for
commercializing high-capacity anodes, such as Si.9−13 It has
been widely believed that nanoscale materials can facilitate
strain relaxation, enhance flaw tolerance, shorten lithium ion
and electron diffusion paths, and increase surface area of the
electrodes to better react with Li.14,15 Scaling the size of
electrode materials down to the nanometer range thus
represents one of the promising means to mitigate the adverse
effects for better capacity retention.5,16−20 Despite impressive
transmission electron microscopy (TEM) studies on the
electrochemical lithiation of the nanostructured Si anodes in

the past few years,5,8,10,11,18,20−26 their deformation and failure
mechanisms are still not yet well understood.
Recent in situ experimental studies showed that the lithiated

silicon nanowires (SiNWs) not only undergo large volume
expansion8 but also swell in an anisotropic manner.23,24 For
example, in a fully lithiated ⟨112⟩-oriented SiNW, the
expansion along the [110] direction (∼170%) is about nine
times that along the [111] direction (∼20%) within the cross
section.23 The large deformation anisotropy can neither be
explained by the marginal anisotropy in the elastic properties of
Si crystals nor by the diffusion anisotropy since diffusivity is
isotropic in cubic crystals of Si.27 Clearly, the chemomechanical
mechanism governing the anisotropic swelling in lithiated Si
warrants further study for a mechanistic understanding of
deformation and fracture in nanostructured Si-based electrodes.
Recent experiments evidenced that lithiation in crystalline Si (c-
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Si) proceeds by the movement of an atomically sharp reaction
front that separates the c-Si with the amorphous product of
LixSi alloy.

8,23,28 Inspired by the previous study of interface-
controlled diffusive reactions29−31 and first-principles calcu-
lations,32 we hypothesize that the mobility of the lithiation
interface depends on the local crystallographic orientation of
exposed c-Si surface. To test this hypothesis, we develop a
chemomechanical model that couples the diffusive reaction of
Li with elasto-plastic deformation to simulate the lithiation-
induced morphological changes in SiNWs. Our model predicts
the anisotropic swelling of lithiated SiNWs with various axial
orientations, which closely agrees with the experiments. Our
mechanics analyses also provide insight into the failure
mechanisms of Si anodes.
During electrochemical lithiation, Li diffuses within and

reacts with Si at room temperature. A characteristic feature of
this electrochemical process is the formation of a phase
boundary,8,23,28 which separates the lithiated product and
pristine Si crystal (Figure 1). Recent TEM studies revealed that

such phase boundary is atomically sharp, with a width on the
order of 1 nm.28 The sharpness appears to be independent of
the specimen size and the lithiation rate. The lithiated phase
likely consists of amorphous Li3.75Si, evidenced by the apparent
volume expansion close to that of crystalline Li3.75Si as well as
the dynamic formation of Li3.75Si nanocrystals within the
amorphous phase.23 Within the c-Si core, the Li concentration
appears to be low, evidenced by the intact lattice structure with
the measured lattice spacing close to that of a perfect c-Si.8,23

The lithiation reaction front is therefore identified as a phase
boundary, across which there is an abrupt change of Li
concentration. Namely, the Li-poor and -rich phases do not
transform continuously into each other with changing
composition, and lithiation is mediated by the phase boundary
migration. We thus develop a two-phase model, in contrast to
the single-phase one in which the Li concentration gradually
varies in Si.33 The two- and single-phase models yield large
differences in the lithiation-induced stress profiles and predict
different fracture initiation locations (outer surface for the
former vs core for the latter) of lithiated Si nanoparticles.
Interested readers may refer to a recent accompanying
manuscript for detailed discussions of this aspect.34

The relative time scale of Li diffusion and Li−Si reaction is
another key factor of the lithiation process. Physically, the
lithiation involves two processes in series: (1) the Li diffusion
through the lithiated shell and (2) the chemical reaction at the
phase boundary. The characteristic time of long-range Li
diffusion scales with τD ∼ L2/D,14 where L and D are the
lithiated shell thickness and Li diffusivity in Si, respectively. On
the other hand, the Li−Si reaction is a short-range process
involving the disruption of the c-Si lattice and the formation of
the amorphous lithiated product at the reaction front. The
characteristic time scale τR of lithiation associated with such
interface-controlled reaction is L/k, where k is the reaction rate
constant. For nanometer-sized specimens, τD ≪ τR usually
holds. As a result, the reaction front propagates much slower
than the diffusion of Li behind it, and lithiation is limited by the
reaction rate. On the contrary, for large-sized specimens, τD ≫
τR is usually satisfied, and lithiation is diffusion controlled. A
transition between the two regimes exists at an intermediate
thickness L.
The origin of lithiation anisotropy warrants further

discussion. Lithium diffusion in Si is isotropic in both
amorphous and crystalline states. In front of the reaction
front, Si remains crystalline but undergoes elastic deformation
arising from the lithiation-induced strain mismatch. It may be
argued that the anisotropic elastic properties of c-Si could lead
to stress anisotropy, which in turn causes anisotropic diffusion
near the reaction front. Despite a seemingly valid argument, the
marginal anisotropy of elastic properties (elastic moduli differ
by only ∼10% in ⟨111⟩ and ⟨110⟩ directions)35 is unlikely to
account for the huge anisotropy of expansions in lithiated
SiNWs (swelling in ⟨110⟩ is about nine times that in ⟨111⟩). In
addition, the inconsistency in the order of anisotropy (with
elastic moduli E⟨111⟩ > E⟨110⟩ > E⟨100⟩ versus lithiation-induced
expansion ε⟨110⟩ > ε⟨100⟩ > ε⟨111⟩) further excludes the possibility
of the dominant role of elastic anisotropy. Here we propose
that the primary source of anisotropic swelling should stem
from the crystallographic orientation dependence of the
lithiation rate at the sharp reaction front, i.e., phase boundary.
As a matter of fact, such orientation dependence of interfacial
reactions has been proposed and reported in the study of solid-
state reactions of crystals.31,36−38

Based on the above considerations, we next describe a
chemomechanical model for simulating the phase evolution and
morphological changes in lithiated SiNWs. As discussed earlier,
the lithiation involves two processes in series: (1) the Li
diffusion through the lithiated shell and (2) the chemical
reaction at the phase boundary. To simulate these two
concurrent processes, we describe Li transport in Si by the
classic diffusion equation in the entire domain, ∂c/∂t =
∇·(D∇c), where ∇ represents the vector differential operator
with respect to spatial coordinates and c the lithium
concentration. The orientation-dependent reaction rate or
interfacial mobility is modeled by the anisotropic interfacial
diffusion across an interfacial domain between the lithiated and
unlithiated regions, as detailed next.
To produce a sharp phase boundary, we set Li diffusivity to

be concentration dependent: D = D0[1/(1 − c) − 2αc], where
D0 is a diffusion constant and α is a tunable constant to control
the concentration profile near the phase boundary.23 Note that
the Li concentration is normalized by that of the fully lithiated
phase of Li3.75Si; namely, c = 1 represents Li3.75Si, while c = 0
pure Si. This concentration-dependent diffusivity becomes
considerably large in the lithiated shell (c ≈ 1) and negligibly

Figure 1. Electrochemical lithiation results in an atomically sharp
phase boundary (as represented by a thin ring bound in between the
two solid black circles) that separates nearly fully lithiated amorphous
silicon (a-Si) phase (red region) and crystalline silicon (c-Si) phase
(blue region).
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small near the unlithiated core (c ≈ 0). It well captures the
interfacial reaction as a rate-controlling step and facilitates the
formation of the Li-poor core and the Li-rich shell with a
moving phase boundary in between, as observed in the
experiments.23 To simulate the evolution of such a core−
shell structure, the above nonlinear diffusion model is
implemented in the finite element package ABAQUS. Here
we note that unlike the phase field model,39 our nonlinear
diffusion model does not contain a material length scale related
to the interface thickness. Instead, we introduce an interfacial
domain with a finite thickness, as to be detailed next.
In order to study the effects of orientation-dependent

interfacial mobility, we have divided the system into three
domains: a bulk domain (where c ≥ c+) behind the reaction
front, another bulk domain (where c < c−) in front of the
reaction front, and an interfacial domain (where c− < c < c+).
Here c+ is assigned to be close to 1 while c− to 0. Within the
two bulk domains, the aforementioned nonlinear, isotropic
diffusivity is used. In contrast, the “diffusivity” within the
interfacial domain is assumed to depend on the local
crystallographic orientation of exposed c-Si surface, whose
surface normal is determined by the orientation of the largest
local concentration gradient. It should be emphasized that
lithium transport in the interfacial domain occurs through
chemical reactions that are characterized by the disruption of
the c-Si lattice and production of the amorphous Li3.75Si and
thus expected to differ drastically from the atomic processes of
Li diffusion in the two bulk domains. This interfacial reaction is
here treated by diffusion across the interface for numerical
convenience. Compared to the two bulk domains, the
interfacial domain is considerably narrow, spanning a few
elements in finite element simulations. When it is idealized as a
mathematical interface with zero thickness, our three-domain
model is reduced to the conventional two-domain model. It
follows that the orientation dependence of flux in the interfacial
domain leads to interfacial mobility anisotropy, since the Li flux
J can be related to the interfacial velocity v by J = v/Ω, where Ω
is the volume of the Li−Si alloy formed per Li.
Currently, there are no available experimental and atomistic

data of interfacial mobilities. We fit the orientation-dependent
interfacial diffusion constants by best matching the simulated
morphologies with experimental observations, i.e., D0,⟨110⟩

F ≈
6D0,⟨100⟩

F ≈ 60D0,⟨111⟩
F , where the associated orientations are

indicated in the subscripts and the superscript “F” indicates the
rate constant at the reaction front. Notice that such orientation-
dependent interfacial diffusivities effectively play the same role
of orientation-dependent reaction rate constants when the
interfacial layer is regarded approximately as a sharp interface,
as discussed above. The parametric settings of those diffusivities
(reaction rates) are consistent with recent experimental
observations that the phase boundary migrates much faster
along ⟨110⟩ than other directions, while slowest along
⟨111⟩.13,23,24 A smooth interpolation from the above diffusion
constants gives those of other directions. We also set the
diffusion constant in the amorphous domain as D0

B = D0,⟨100⟩
F ,

where the superscript “B” denotes parameters in the two bulk
domains. It should be noted that due to the high Li
concentration and relatively large diffusion constant in the
amorphous region, the diffusivity D is much larger in the
amorphous region than that at the reaction front. This
effectively realizes the two-phase microstructure with a sharp
phase boundary whose movement is rate-limiting.

In experiments Li was observed to quickly cover the outer
surface of SiNWs or Si nanoparticles due to its much lower
migration barriers on the Si surface than in the bulk.8,23,40 We
thus prescribe a Dirichlet boundary condition that assumes
saturated Li concentration on the SiNW outer surface (c = 1)
throughout the lithiation process. At any given time, the narrow
interfacial domain (c− < c < c+) is identified based on the
current lithium concentration profile. At any point within such
an interfacial domain, the local interfacial orientation is
determined from the direction of the largest Li concentration
gradient, i.e., that of the resultant concentration gradient vector.
The diffusion constant can be calculated from the interpolated
function of the orientation-dependent diffusion constant, as
discussed earlier. The Li concentration profile is then updated
to simulate the migration of the phase boundary, i.e., the
radially inward movement of the core−shell interface.
Lithium insertion induces chemical strains that further cause

elastic−plastic strains. During lithiation, a core−shell structure
develops in SiNWs.23,28 At the sharp core−shell interface, the
abrupt change of Li concentration causes large chemical strains;
the lithiated shell behind the reaction front undergoes the
structural relaxation by plastic flow;41 and the crystalline core
deforms elastically. We adopt an isotropic elastic and perfectly
plastic model to describe the lithiation-induced deformation.
The strain rate ε̇ij is composed of three contributions: ε̇ij = ε̇ij

c +
ε̇ij
e + ε̇ij

p,33 where both i and j run from 1 to 3 for three-
dimensional (3D) problems (from 1 to 2 for 2D case),
representing the three Cartesian coordinates. Here the
lithiation-induced electrochemical strain rate ε̇ij

c is assumed to
be dilational and proportional to the increment of the lithium
concentration, ε̇ij

c = βδijc,̇ where β = 0.6 represents the lithiation
expansion coefficient, and δij is the Kronecker delta (δij = 1 for i
= j and δij = 0 otherwise). Assuming that Si is isotropic in the
elastic regime, the increment of the elastic strain, εi̇j

e , obeys
Hooke’s law with two elastic constants, i.e., Young’s modulus E
and Poisson’s ratio ν. The Young’s modulus and Poisson’s ratio
are both assumed to linearly vary with Li concentration from
160 to 40 GPa and from 0.24 to 0.22,35,42,43 respectively. The
increment of the plastic strain, ε̇ij

p, obeys the classic J2-flow rule.
Namely, plastic yielding occurs when the equivalent stress, σeq
= (3sijsij/2)

1/2, equals the yield strength, σY. Here sij = σij −
σkkδij/3 is the deviatoric stress, where σij is the Cauchy stress
and repeated indices mean summation. Note that ε̇ij

p is
proportional to sij and can be determined by solving the
boundary value problem σ̇ij,j = 0 with a traction-free boundary
condition. We set the yield stress σY to be 1.5 GPa, consistent
with the previously reported experimental data.28,41,44 For such
a low yield stress, the simulation geometry needs to be carefully
meshed to ensure numerical stability and convergence.
We next apply the coupled chemomechanical model to

simulate the morphological changes of the SiNWs during
electrochemical lithiation. Four different axial orientations of
⟨100⟩, ⟨110⟩, ⟨111⟩, and ⟨112⟩ are considered.23,24 The
characteristic crystallographic orientations in respective cross
sections are shown in Figure 2. While the model is generally
applicable to 3D cases, we here simplify the problem to the
plane−strain condition, considering that the axial elongation is
much less than the cross-sectional expansion in lithiated
SiNWs.23 Prior to lithiation, the cross sections of the SiNWs in
all cases are circular with radius R. The length and time-related
variables are normalized by R and the time required to fully
lithiate the cross section, respectively. The circular cross section
is discretized by finite element meshes. The mesh size is
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sufficiently small, such that the narrow interfacial domain can
still accommodate a few elements. At any time t (0 < t < 1), the
Li concentration profile is computed by solving the diffusion
equation. The concentration profile is then fed into the
mechanics model to obtain the strain and stress distributions in
lithiated SiNWs.
Before presenting the main results, we first show that the Li

reaction-diffusion model effectively captures the essential
features of Li transport. Figure 3 plots the Li flux profile at
time t = 0.4, where the flux vectors are represented by red
arrowed lines (the arrow represents the direction of the flux,
while the length of the arrowed lines the magnitude). The
resulting flux patterns indicate that the Li diffusion in the ⟨110⟩
directions is considerably faster than other directions in the
lithiated shell, despite the imposed isotropic diffusivity in the
lithiated shell. Such ⟨110⟩-preferred flux patterns result from
the large reaction rate at the {110} phase boundary, i.e., the
high mobility of the {110} core−shell interface. Our results also
yield the sharp phase boundary, as will be demonstrated later.
Figure 4 shows the fully lithiated cross-sectional morphol-

ogies of the four SiNWs, which agree closely with the
experiments.23,24 The deformation anisotropy is measured by

the ratio of the deformed length in the maximal expansion
direction to that in the minimal expansion direction. The
simulated deformation anisotropies are 1.24, 1.80, 1.12, and
2.28 for the ⟨100⟩, ⟨110⟩, ⟨111⟩, and ⟨112⟩ SiNWs,
respectively, which compare to 1.23, 1.68, 1.05, and 2.25 in
the previous experiments.23,24

We next examine the stress evolution in the cross section of
SiNWs. According to our simulation results, the primary
features of stress generation in all the four SiNWs are
qualitatively similar. For the convenience of discussion we
present the history of stresses experienced by a representative
material point, located at r = 0.55R along the maximal radial
expansion direction of the ⟨112⟩ SiNW in the pristine state.
Figure 5 plots the evolution of the equivalent and hydrostatic
stresses (dashed and solid blue lines, respectively), along with
that of the Li concentration at the point (red line). One notices
that the reaction front reaches the material point at time t = 0.1,
when the Li concentration begins to rise, followed by an abrupt
increase at t ≈ 0.2. The reaction front completely sweeps across
this material point at t = 0.3, beyond which it becomes fully
lithiated. During the sweeping process, the equivalent stress at
this material point rapidly jumps to the yield stress and

Figure 2. The characteristic crystallographic orientations of the SiNWs, where the indices at the center represent the axial orientations of each wire
and other indices the normal orientations of the facets.

Figure 3. Lithium flux profiles at a representative lithiation snapshot (t = 0.4) for all the four SiNWs, showing that the dominant flux in the ⟨110⟩
directions, a direct consequence of high reactivity of Li at the {110} phase boundary.

Figure 4. Comparison between experiment23,24 (top) and our modeling (bottom) in terms of the cross-sectional morphologies of fully lithiated
SiNWs with different axial orientations.
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maintains approximately on that level as lithiation further
proceeds. In contrast, the point is subjected to hydrostatic
tension when located in the crystalline core, but hydrostatic
compression once it is swept by the reaction front and beyond.
The hydrostatic compression reaches the maximum when the
point is roughly located at the center of the reaction front. The
high hydrostatic compression may play an important role in
reducing the reaction rate at the reaction front and the
diffusivity behind it. Such effects are not taken into account in
the current model.
To provide insight into the initiation of fracture in lithiated

Si, Figure 6 plots the maximal in-plane principal stress (b1 and
b2), along with Li concentration profiles (a1 and a2), for the
⟨100⟩ and ⟨112⟩ SiNWs at four different lithiation snapshots t
= 0.01, 0.05, 0.10, and 0.30 from top to bottom. Results for the
other two SiNWs are qualitatively similar and not shown here.

The reaction fronts at each snapshot can be identified by the
sharp change of Li concentrations as well as the boundary
across which the maximal in-plane principal stress changes its
sign. For both cases, the maximal in-plane principal stress is
always tensile in the fully lithiated shell and compressive around
the reaction front. However, it changes from tension to
compression in the unlithiated crystalline core at a late stage of
lithiation when the unlithiated core is small. We further notice
that the maximal tensile stress occurs at the outer surfaces
exclusively for all the SiNWs and could be even larger than σY,
which often occurs for the elastic−plastic deformation
subjected to multiaxial stresses. Such a high tensile stress may
well exceed the fracture strength of the amorphous lithiated
silicon. As a result, facture may initiate from the outer surface in
the lithiated SiNWs. For instance, for the ⟨112⟩ SiNW, the
maximal in-plane tensile stress occurs at the outer surface along
the vertical axis, which well explains the self-splitting of a single
SiNW into two subwires observed in experiment.23 It should be
pointed out that the result of hoop tension in the surface layer
is opposite to that from the single-phase model, which predicts
that fracture instead initiates at the unlithiated crystalline core.
In summary, we have developed a chemomechanical model

that couples the diffusive reaction of Li with Li insertion
induced elasto-plastic deformation in lithiated Si. Our analysis
demonstrated that the origin of anisotropic swelling in lithiated
SiNWs can be attributed to the crystallographic orientation-
dependent reaction rate at the interface between the
amorphous shell of Li3.75Si and crystalline core of Si. As a
direct consequence of the orientation-dependent interfacial
mobilities, our model faithfully reproduces the cross-sectional
morphologies of lithiated SiNWs of different axial orientations
observed in previous experiments. In addition, to achieve such
good agreement, we found it is essential to account for the
structural relaxation by plastic deformation in the lithiated
phase. Our stress analysis also revealed the evolution of
hydrostatic stresses, which could play a critical role in reducing
Li diffusion and reaction rates. Moreover, our model predicts
that the maximal in-plane principal tensile stress always occurs
at the outer surface, where fracture is predicted to first initiate,
consistent with previous experimental observations. In-situ
high-resolution TEM studies on the atomistic origin of the
orientation-dependent interfacial mobility are currently under-
way, and a separate manuscript is being developed to report the
experimental findings.
It should be pointed out that our modeling results are

obtained on the basis of both the relative reaction rates for
different crystallographic directions and the reaction rate
relative to the diffusion time scale. Essentially, the deformation
morphologies and stress profiles remain the same as long as
these relative rates remain unchanged, independent of the
absolute lithiation rates. This is because the relative rates (not
the absolute rates) determine the geometry of the reaction
front, which further determines the stress developed in the
lithiated/unlithiated Si as well as the resulting anisotropic
morphologies. However, the relative rates could be modified by
the applied electrical field. With modified relative rates, both
the deformation morphologies and stress distribution would be
subjected to changes.
We conclude by emphasizing that the orientation-dependent

reaction rates at the atomically sharp phase boundary, along
with structural relaxation by large plastic flow, are the key
features in our modeling framework in order to fully account
for the deformation mechanics of lithiated Si. It should also be

Figure 5. Stress evolution of a representative material point (r = 0.55R
in the pristine state) in the ⟨112⟩-oriented SiNW as the reaction front
sweeps through it. The variation of Li concentration at the same point
indicates the lithiation stage.

Figure 6. The maximal in-plane principal stress in the cross sections of
the ⟨100⟩ (b1) and ⟨112⟩ (b2) SiNWs at four lithiation snapshots.
The corresponding lithiation states are shown in (a1) and (a2). The
maximal in-plane principal stress is always tensile in the lithiated shell
and compressive around the reaction front. However, it changes from
tension to compression in the unlithiated core at a late stage of
lithiation, when the unlithiated crystalline core is small. The maximal
tensile stress occurs at the outer surface of SiNWs, suggesting the
location at which fracture first initiates.
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noted that the present model couples Li transport with
deformation mechanics in a unidirectional manner. In the
future, we will extend the model to bidirectional coupling by
incorporating the possible stress dependence of the diffusion
and reaction rates. Such framework is expected to be applicable
to other high-capacity anode materials. The mechanistic
understanding of morphological evolution and stress generation
in these materials is essential to enable the rational design of
next-generation failure resistant electrodes.
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