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Abstract
A model is developed to study the stress generation in a spherical particle subjected to lithium insertion. The model accounts for both
the plastic deformation and the coexistence of lithium-poor and lithium-rich phases with a sharp and curved phase boundary. Such twophase and inelastic deformation characteristics often arise during lithiation of crystalline particles with high capacity. A ﬂexible sigmoid
function is used to create the lithium proﬁle with a step-like change in lithium concentration, mimicking a sharp phase boundary that
separates a pristine core and a lithiated shell in the particle. The mechanics results, obtained by an analytic formulation and ﬁnite difference calculations, show the development of tensile hoop stress in the surface layer of the lithiated shell. This hoop tension provides the
driving force of surface cracking, as observed by in situ transmission electron microscopy. The two-phase lithiation model is further compared with the single-phase one, which assumes a gradual and smooth variation in radial lithium distributions, and thus predicts only
hoop compression in the surface layer of the particle. Furthermore, the eﬀect of dilatational vs. unidirectional lithiation strains in the
two-phase model is studied, thereby underscoring the critical role of anisotropy of lithiation strain in controlling stress generation in
high-capacity electrodes for lithium ion batteries.
Ó 2013 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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1. Introduction
Lithium ion batteries (LIB) are critically important for
providing energy to portable electronic devices and transportation vehicles [1–4]. To achieve a higher energy density
in LIB, new anode materials, such as silicon and its composites, are being intensively studied as potential replacements for the currently used graphite [5–8]. One critical
issue associated with those high-capacity electrodes is the
large volume change during Li insertion and extraction,
e.g., 310% for Si. The resulting high stresses can cause
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fracture and pulverization of electrodes, thus leading to
loss of electrical contact and limiting the cycle life of
LIB. To address these issues, it is essential to understanding how the stress arises and evolves in the lithiated
materials.
Recent experiments indicate that plastic deformation
can readily occur in high-capacity electrodes during lithiation [9–15]. Interestingly, in situ transmission electron
microscopy (TEM) experiments reveal that lithiation often
proceeds through movement of an atomically sharp phase
boundary that separates the lithiated and unlithiated material [10,11,16–18]. For example, the TEM images in Fig. 1
show the formation of a core–shell structure in a partially
lithiated Si nanoparticle, which consists of a two-phase
boundary that separates an inner core of crystalline Si with
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Fig. 1. In situ TEM observation of lithiation and cracking in a Si nanoparticle, adapted from Refs. [14,15]. (a) A crystalline Si (c-Si) nanoparticle is in
contact with a tungsten (W) electrode and a Li metal counter electrode, whose surface is covered with Li2O that acts as a solid electrolyte. (b) Under an
applied voltage between the two electrodes, Li quickly covers the particle surface and then ﬂows radially into the particle, forming the structure of a
pristine inner Si core (black) and an amorphous LixSi (x  3.75) alloy shell (gray) with a sharp interface in-between. The lithiation-induced swelling causes
crack initiation from the particle surface.

an outer shell of amorphous LixSi (x  3.75). The observation of such a sharp phase boundary suggests that the Lipoor and Li-rich phases do not transform continuously
into each other with changing composition, i.e., there is a
large solubility gap Dx between the two phases, manifested
as an abrupt change in Li concentrations across the phase
boundary. Moreover, Fig. 1b reveals the formation of a
surface crack, indicating the development of hoop tension
in the surface layer during Li insertion. While theoretical
models have been developed to analyze the Li diﬀusion,
reaction and associated stress states in lithiated materials
[19–40], the eﬀects of plastic deformation and two-phase
microstructures on stress generation are not yet well understood. The present paper reports on a theoretical model
that accounts for both factors.
Nanomaterials, such as nanoparticles and nanowires,
are being intensively studied as the basic building blocks
of electrodes for LIB [41]. This is motivated by the notion
that the nanometer size scale can shorten the diﬀusion path
and enable facile strain relaxation, thus enhancing both the
rate capability and ﬂaw tolerance of the nanomaterialbased electrodes [7,42–43]. The present work focuses on
the stress generation associated with a curved two-phase
boundary, i.e., core–shell interface, which arises frequently
during lithiation of nanoparticles and nanowires. It is
important to note that lithiation at a moving core–shell
interface aﬀects not only the local stress states, but also
the stresses in materials behind the moving boundary
[11,13,14]. This may have a dramatic eﬀect on the fracture
behavior of lithiated nanoparticles, e.g., leading to cracking
in the outer surface during Li insertion, as shown in
Fig. 1b. While the stress generation and surface cracking
have been modeled by ﬁnite element simulations in previous publications [11,14], the present paper reports a systematic mechanics study of a core–shell particle based on

the analytic formulation and ﬁnite diﬀerence numerical
simulations. The results provide a transparent mechanics
foundation for a more direct physical understanding of
stress generation during lithiation of high-capacity electrode materials with curved geometries.
The organization of the paper is as follows. Section 2
reviews a general mechanics model of the lithiationinduced elastic–plastic deformation and stress. Based on
this mechanics framework, an analytic formulation and
associated numerical procedures are developed in Section 3
to solve the stress distribution in a lithiated spherical particle. In Section 4, the numerical results of stress generation
are presented for a core–shell particle with a sharp twophase boundary, and a direct physical appreciation of the
origin of hoop tension in the surface layer during lithiation
is then provided. In this section, the stress distributions in a
single-phase particle with gradually varying Li proﬁles are
also obtained, highlighting the diﬀerences in stress generation between the two-phase and single-phase lithiation
mechanisms. In addition, the eﬀects of dilational vs. unidirectional lithiation strains on stress states are studied. The
concluding remarks are given in Section 5. The Appendix
describes how the mechanics model in Section 2 is implemented in the ABAQUS ﬁnite element package, and the
associated numerical results validate those given in the text.
2. A mechanics model of lithiation
To focus on the essential physical eﬀects of lithiation on
stress generation, a simple elastic–plastic model is adopted
to evaluate the deformation and stress states during Li
insertion [27]. The total strain rate e_ ij is taken to be the
sum of three contributions
e_ ij ¼ e_ cij þ e_ eij þ e_ pij

ð1Þ
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where e_ cij is the chemical strain rate caused by lithiation
and is proportional to the rate of the normalized Li concentration c_
e_ cij ¼ bij c_

ð2Þ

where bij is the lithiation expansion coeﬃcient, and c varies
between 0 (pristine Si) and 1 (fully lithiated Li3.75Si). In
Eq. (1), e_ eij denotes the elastic strain rate and obeys Hooke’s
law
1
½ð1 þ vÞr_ ij  vr_ kk dij 
ð3Þ
E
where E is Young’s modulus, v is Poisson’s ratio, dij = 1
when i = j and dij = 0 otherwise, and repeated indices mean
summation. In Eq. (1), the plastic strain rate e_ pij obeys the
classic J2-ﬂow rule: that is, plastic yielding occurs when
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
the eﬀective stress, re ¼ 3r0ij r0ij =2, equals the yield
e_ eij ¼

r0ij

strength rY, where
¼ rij  rkk dij =3 is the deviatoric
stress. The plastic strain rate is given by
_ 0
e_ pij ¼ kr
ij

ð4Þ

where k_ is a scalar coeﬃcient and can be determined as
described in Section 3.
3. Elastic–plastic deformation in a lithiated particle with two
phases
3.1. Two-phase boundary
To study the microstructural evolution in a multiphase
material, one generally needs to model diﬀusion in each
phase as well as migration of phase boundaries [44,45].
Since this work is focused on the stress generation in a
core–shell particle rather than the detailed dynamics of
the evolving multiphase microstructures [28], a series of
one-dimensional step-like proﬁles of Li distribution are
directly created, which mimic the movement of a sharp
phase boundary between the Si core and the Li3.75Si shell.
Such Li distribution is created with a ﬂexible sigmoid function (so-called generalized logistic function) that is widely
used for growth modeling
cðrÞ ¼

1
1=a

½1 þ QeBðrrc Þ 

ð5Þ

Eq. (5) allows ﬂexible control of the Li distribution near
the two-phase boundary, as well as the time law of boundary migration. The logistic function in Eq. (5) has two
asymptotic limits of c = 0 and 1, representing the pristine
Si core and Li3.75Si shell, respectively; B dictates the sharpness of the Li concentration jump from 0 to 1; a > 0 aﬀects
the concentration proﬁle near the asymptote maximum and
is taken as unity for simpliﬁcation in this work; Q is similarly taken as unity. Since rc approximately represents the
center of the two-phase boundary (where c = 0.5), one
can prescribe diﬀerent time laws of rc(t) to move the phase
boundary from the particle surface (rc = 1) to its center

(rc = 0). Correspondingly, diﬀerent spatial–temporal variations of Li concentration, c_ ðr; tÞ, can be obtained for the
study of stress generation, as described next. Physically,
the lithiation involves two processes in series: (1) the Li diffusion through the lithiated shell already formed; and (2)
the chemical reaction at the two-phase boundary. The prescribed time law for the moving interface could represent
either the lithiation that is rate-limited by the reaction at
the phase boundary or the Li diﬀusion-limited case in the
steady state when the Li ﬂux in the lithiated shell is
balanced with the reaction rate at the phase boundary;
these diﬀerent rate-limiting steps have been discussed in
the study of Si oxidation [46] and Si lithiation [37–40].
3.2. Mechanics formulation
The mechanics model described in Section 2 is applied to
study the lithiation-induced stresses in a spherical particle.
Assuming the deformation is spherically symmetric, an
analytic formulation is ﬁrst developed, and then the ﬁnite
diﬀerence method is used to solve the stress distribution.
In a spherical coordinate system (r, h, u), the strain rate
of Eq. (1) can be written as
ð6Þ
e_ r ¼ e_ cr þ e_ er þ e_ pr ; e_ h ¼ e_ u ¼ e_ ch þ e_ eh þ e_ ph
The chemical strain rate of Eq. (2) is given by
e_ cr

¼ br c_ ;

e_ ch ¼ e_ cu ¼ bh c_

ð7Þ

Here, it is assumed bh = bu, so as to maintain the spherically symmetrical deformation. It follows that the elastic
strain rate of Eq. (3) is rewritten as
E
½ð1  vÞ_eer þ 2v_eeh ;
r_ r ¼
ð1 þ vÞð1  2vÞ
E
½_ee þ v_eer 
ð8Þ
r_ h ¼ r_ u ¼
ð1 þ vÞð1  2vÞ h
The plastic strain rate of Eq. (4) is given by
3r0
3r0
e_ pr ¼ e_ p r ; e_ ph ¼ e_ pu ¼ e_ p h
2re
2re
where the deviatoric stresses are
2
1
r0r ¼ ðrr  rh Þ; r0h ¼ r0u ¼ ðrh  rr Þ
3
3
and the eﬀective stress is
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3 0 0
re ¼
r r ¼ jrr  rh j
2 ij ij

ð9Þ

ð10Þ

ð11Þ

To stabilize the numerical calculation involving a sharp
interface, it is assumed that the plastic deformation is rate
dependent, and the rate-independent limit is obtained by
taking a vanishingly small value of rate sensitivity. Specifically, the eﬀective plastic strain rate is
r 1=m
e
e_ p ¼ e_ p0
ð12Þ
s
where e_ p0 is an eﬀective strain rate constant, s is the plastic
ﬂow resistance, and m is the rate sensitivity exponent. In
the limit of the rate-independent deformation, m ! 0 and
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re ! s. In Eq. (12), s is often taken as a function of the
accumulated plastic strain to model the strain hardening
[47]. Here, constant s = rY is assumed, corresponding to
perfectly plastic deformation. In the case of spherically
symmetrical deformation, the governing equilibrium equation is simpliﬁed as
d r_ r 2
þ ðr_ r  r_ h Þ ¼ 0
r
dr

ð13Þ

The strain rates are related to the radial velocity Vr
according to
e_ r ¼

dV r
;
dr

e_ h ¼ e_ u ¼

Vr
r

ð14Þ

For a free-standing particle with radius R, the boundary
conditions involve zero traction at the surface
r_ r ðr ¼ RÞ ¼ 0

ð15Þ

and zero velocity at the center
V r ðr ¼ 0Þ ¼ 0

ð16Þ

3.3. Finite diﬀerence method
Based on the analytic formulation in Section 3.2, the
lithiation-induced stresses in a spherical particle are solved
using the ﬁnite diﬀerence method. Combining Eqs. (6), (8),
and (14), one can express the stress rates in terms of the
radial velocity Vr
r_ r ¼






E
dV r
Vr
ð1  vÞ
 e_ cr  e_ pr þ 2v
 e_ ch  e_ ph
ð1 þ vÞð1  2vÞ
dr
r



Eð1  2vÞ
dV r V r
r_ r  r_ h ¼
  e_ cr  e_ pr þ e_ ch þ e_ ph
r
ð1 þ vÞð1  2vÞ dr

ð17Þ

ð18Þ

Substitution of Eqs. (17) and (18) into Eq. (13) gives the
equilibrium equation in terms of Vr
d 2 V r 2 dV r 2V r
1 d
þ
 2 ¼
½ð1  vÞð_ecr þ e_ pr Þ
r dr
1  v dr
r
dr2
2ð1  2vÞ 1 c
þ 2vð_ech þ e_ ph Þ þ
½ð_e þ e_ pr Þ  ð_ech þ e_ ph Þ
1v r r

ð19Þ

Suppose both the chemical and plastic strain rates are
known at time t, Eq. (19) becomes a second-order ordinary
diﬀerential equation of Vr, enabling one to determine its
radial distribution at time t using the ﬁnite diﬀerence and
iterative shooting methods. Speciﬁcally, the radial distance
of a spherical particle is discretized into n points r(i) e [0, R],
(i = 1, . . . , n), with equal spacing Dr = R/(n  1), and then
Eq. (19) is discretized by the ﬁnite diﬀerence relations
d 2 V r V ðiþ1Þ
þ V ði1Þ
 2V ðiÞ
r
r
r
¼
;
dr2
ðDrÞ2

dV r V ðiþ1Þ
 V ði1Þ
r
¼ r
dr
2Dr

ð20Þ

(i)
ðiÞ
where V ðiÞ
r is the radial velocity at r . To determine V r at
ð1Þ ð1Þ
time t, one starts with V r ðr ¼ 0Þ ¼ 0, as dictated by the
boundary condition of Eq. (16), makes an initial guess of
ðN Þ
V rð2Þ , solves V ð3Þ
based on Eqs. (19) and (20), and
r ...Vr
then calculates r_ r ðr ¼ RÞ according to Eq. (17). In order
to satisfy the traction-free boundary condition of
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Eq. (15), the above calculations are repeated to ﬁnd the
optimal V rð2Þ that gives r_ r ðr ¼ RÞ closest to zero, thus
enabling the update of V ðiÞ
r at time t. It follows that all
the stress rates at time t are calculated based on Eqs. (17)
and (18), and then all the plastic strain rates are updated
at time t + Dt based on Eqs. (9)–(12). Suppose the chemical
strain rate at time t + Dt is known from Eq. (7) and c_ at
t + Dt on the basis of a prescribed time law, one can repeat
the above steps to determine V ðiÞ
r at t + Dt, thereby accomplishing one loop of numerical integration.
4. Results and discussion
4.1. Two-phase particle
Fig. 2a shows the representative results of radial Li distribution with a sharp phase boundary, created using the
logistic function of Eq. (5) with B = 80. Since the present
study is focused on the rate-independent limit of elastic–
plastic deformation, a simple time law of rc(t) / t is
assumed to move the phase boundary from the particle surface to its center.
Based on the analytic formulation in Section 3.2 and the
ﬁnite diﬀerence method in Section 3.3, the stress distributions associated with the movement of a two-phase boundary are evaluated as shown in Fig. 2b and c. The material
properties that are representative of high-capacity electrode
materials such as Si—yield stress rY = 0.05E and Poisson’s
ratio v = 0.3—are chosen. It is important to emphasize that
a physical assignment of lithiation strains is not yet possible
because of the lack of experimental measurement. Assuming the dilational lithiation strains, taking the lithiation
expansion coeﬃcients br = bh = bu = 0.26 yields a volume
increase by 100%. Eﬀects of lithiation strains on the stress
generation will be further studied later by examining the
case of unidirectional lithiation strain in the radial direction.
In addition, the rate sensitivity exponent m = 0.01 is taken
to approximate the rate-independent limit, and the eﬀective
strain rate constant e_ p0 ¼ 0:001. Notably, the radial stress rr
at the particle surface has been kept at zero using the iterative shooting method (Section 3.3).
Fig. 2b and c shows the simulated results of radial stress
distributions corresponding to the Li proﬁles in Fig. 2a.
The most salient feature is the development of the tensile
hoop stress in the surface layer in the late stage of lithiation, as seen from Fig. 2c, and such hoop tension reverses
the initial compression that is shown in Fig. 2b. Correspondingly, the core is ﬁrst subjected to hydrostatic tension
and later changed to hydrostatic compression. This change
results from the buildup of hoop tension in the surface
layer, as well as the requirement that the resultant of normal stresses over any diameter plane in a free-standing
spherical particle must be zero.
To provide a direct physical appreciation of the reversal
of hoop compression to tension in the surface layer, Fig. 3
shows the schematics of the hoop stress experienced by a
representative material element A in the surface layer of a
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Fig. 2. Numerical results of a two-phase particle with dilational lithiation strain. (a) Radial distributions of Li concentration c, normalized by its
maximum value at the fully lithiated state, and the radial distance r is normalized by the radius R of a partially lithiated particle, which increases as
lithiation proceeds. (b) Radial distributions of the von Mises eﬀective stress re, radial stress rr and hoop stress rh = ru, which corresponds to the Li
concentration proﬁle of (i) in (a). (c) Same as (b) except corresponding to the Li concentration proﬁle of (ii) in (a). All the stress components are
normalized by Young’s modulus E.

spherical particle. Incidentally, the related discussion is
also applicable to the hoop-stress buildup in the cross section of cylindrical wires [11]. In Fig. 3, the lithiation reaction front is represented by a sharp interface between a
shrinking pristine core (white) and a growing lithiated shell
(gray), as motivated by TEM observations. The shell is
assumed to be fully lithiated with a constant Li concentration. It follows that the lithiation strain should be generated mainly near the moving core–shell interface, where
the Li concentration changes abruptly.
Fig. 3a shows that, in the early stage of lithiation, element A is located within the pristine core. As lithiation
occurs at the reaction front, the newly lithiated material
at the front tends to move in the outward radial direction.
This arises because there are larger areas in the hoop direction at larger radial distances, where the lithiation-induced
volume expansion can be better accommodated with lower
stresses generated. The outward displacement of newly lithiated materials results in hydrostatic tension in element A,
as represented by stage (a) of the rh curve in Fig. 3d. As the
reaction front sweeps through element A, a large dilational
lithiation strain is created at A. Owing to the constraint of
surrounding material, local compressive stresses develop,
such that element A sequentially undergoes tensile elastic
unloading, compressive elastic loading and compressive
plastic yielding in the hoop direction. This stress sequence
is schematically represented by stage (b) in Fig. 3d. Interestingly, as the reaction front continues to move towards
the center, the lithiation-induced swelling at the front
pushes out the material behind it. This action causes
further displacement of element A in the outward radial

direction and simultaneously stretches it in the hoop directions (both rh and ru). As a result, element A experiences
compressive elastic unloading, tensile elastic loading and
tensile plastic yielding, which correspond to stage (c) in
Fig. 3d. It is important to note that the tensile plastic ﬂow
in the surface layer could cause morphological instability
and fracture of electrode particles during Li insertion, as
shown in Fig. 1b.
It is noted that, during delithiation, the tensile hoop
stress rh should naturally arise owing to the constraint
experienced by the delithiated material element, which
tends to contract. However, it is somewhat unexpected to
ﬁnd that, during the lithiation of particles, the tensile rh
can also develop and even attain plastic yielding. As discussed earlier, this response results from continuous outward displacement of the material in the outer layer of
the lithiated shell, driven by the large swelling at the
core–shell interface, which progressively moves towards
the center. Clearly, the ﬁnite curvature of the lithiated shell,
large lithiation strain and plastic yielding are all essential to
the reversal of the hoop compression to tension, i.e., from
stage (b) to (c) in Fig. 3d. This is in contrast to the case of a
ﬂat phase boundary with zero curvature: i.e., the lithiationinduced compressive stresses, once developed at the phase
boundary, will persist, since the material behind a ﬂat moving boundary will not be strained further [22].
Finally, the results of stress generation given in this section were validated by direct ﬁnite element modeling, as
described in the Appendix. Comparison between Figs. 2
and A1 indicates the overall consistency of the simulated
Li proﬁles and associated stress distributions between the
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Fig. 3. Schematics showing how the hoop stress rh changes in a spherical particle with a moving two-phase boundary between the pristine core (white) and
lithiated shell (gray). (a–c) rh in a representative material element A located at various distances relative to the moving phase boundary, i.e., core–shell
interface. Progressive lithiation results in a gradual expansion of the particle. (d) rh as a function of time t in element A.

two methods. The small numerical diﬀerences arise mainly
because the small-strain approximation is used in the analytic formulation, while the large geometrical changes are
accounted for in the ﬁnite element simulation in ABAQUS.
Such diﬀerences indicate that the nonlinear geometrical
changes will play an increasingly important role in the
quantitative characterization of stress states as the chemical strain of lithiation increases. Nevertheless, the analytic
formulation developed in Section 3 provides a transparent
mechanics foundation for a more direct physical understanding of the lithiation-induced stress.
4.2. Single-phase particle
Existing models of diﬀusion-induced stress in the literature considered the Li diﬀusion in a single-phase particle or
wire with a gradually varying Li distribution. Such singlephase lithiation models predicted only hoop compression
in the surface layer (i.e., suppressing the fracture therein),
and they also predicted hydrostatic tension in the center,
where fracture was reasoned to ﬁrst occur. Those results
are in contradiction to the in situ TEM observation of fracture initiation from the Si particle surface.
Using the logistic function of Eq. (5), a gradual and
smooth proﬁle of Li distribution is also generated, mimicking the Li diﬀusion in a single-phase material, as studied in
previous works. Fig. 4a shows the representative results of
radial Li distributions by changing B = 5 in Eq. (5). The
corresponding stress distributions are evaluated using the
same method and the same set of constitutive parameters
as the two-phase model. Fig. 4b and c shows the calculated
radial stress distributions that correspond to the Li proﬁles

in Fig. 4a. They are similar to the results given in a previous study [27]. Evidently, the hoop stress remains compressive in the outer layer of the single-phase particle as
lithiation proceeds. This is in contrast to the development
of surface hoop tension in the two-phase model, as shown
in Fig. 2b and c.
To explain why the stress evolution in a single-phase
particle is so diﬀerent from that in a two-phase particle,
it is noted that, in the former case, the Li concentration
increases gradually from the particle center to its surface.
The resultant stress states can be understood in terms of
the competing eﬀects of “diﬀerential expansion” and
“push-out” associated with the curved phase boundary.
First, consider two neighboring material elements. The
one at a slightly larger radial distance always has a higher
Li concentration than its neighbor, so as to drive the
inward ﬂow of Li. The concentration diﬀerence can result
in expansion mismatch, and accordingly an additional
compressive hoop stress in the former element relative to
the latter. This mechanism of stress generation is due to
the “diﬀerential expansion” eﬀect. Next, focus on the stress
history of a material element, called C, in the surface layer.
As lithiation proceeds, the Li concentration in element C
continuously increases, and so does the hoop compression
as a result of the diﬀerential-expansion eﬀect. However, a
tensile hoop stress in element C could be induced by the
“push-out” eﬀect as a result of the volume expansion of
materials away from element C (i.e., those at smaller radial
distances relative to C). However, this tension is insuﬃcient
to oﬀset the continuously increasing compressive stress
caused by the diﬀerential-expansion eﬀect, such that the
hoop compression is retained within the surface layer in
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Fig. 4. Numerical results of a single-phase particle with dilational lithiation strain. (a) Radial distributions of normalized Li concentration c. (b) Radial
distributions of the von Mises eﬀective stress re, radial stress rr and hoop stress rh = ru (normalized by Young’s modulus E), which corresponds to the Li
concentration proﬁle of (i) in (a). (c) Same as (b) except corresponding to the Li concentration proﬁle of (ii) in (a).

the single-phase particle. This is in contrast to the twophase particle, where stressing due to the diﬀerentialexpansion eﬀect is only pronounced near the phase boundary, and the push-out eﬀect is large enough to reverse the
initial hoop compression into tension in the surface layer.
Clearly, the large hoop tension in the outer layer provides
the main driving force of surface cracking.
4.3. Dilational vs. unidirectional lithiation strain
Previous studies of oxidation-induced stresses have indicated that correct assignment of the oxidation strain is
important for understanding the stress generation [46,48].
It has been noted that the assumed dilational oxidation
strain would cause a large strain mismatch between the oxidized and unoxidized materials at a sharp phase boundary,
where the oxygen concentration changes abruptly. To
reduce the mismatch strain and associated strain energy,
the reactive layer model [46] has been proposed, where
the oxidation-induced swelling can become unidirectional
along the normal direction of the phase boundary. It has
been suggested that, during Si oxidation, the reactive layer
can be as thin as a few atomic layers, and the oxidation
occurs through a series of bond reconstructions within
the layer. From the standpoint of the continuum mechanics
modeling, such an interfacial process can be eﬀectively represented by assigning a unidirectional oxidation strain to
the material swept by the moving reactive layer. In other
words, the oxidation-induced swelling in a particle can be
assumed to occur only in the radial direction, normal to
the core–shell interface, and further straining of the material behind the moving phase boundary is mainly caused
by the push-out eﬀect, as discussed earlier.

Motivated by the above analysis of the oxidation
strains, the present authors studied the eﬀect of radial/unidirectional lithiation strain on stress generation in a twophase particle, while the exact atomic processes of strain
transformation at the phase boundary are not yet clear
[10]. In order to compare with the results obtained from
the assumed dilational lithiation strain in Section 4.1, we
take the same volume increase by 100%, i.e., the lithiation
expansion coeﬃcients br = 1, and bh = bu = 0. Fig. 5a and
b shows the calculated stress distributions that correspond
to the two Li proﬁles in Fig. 2a, respectively. In both plots,
the approximate location of the phase boundary where the
hoop stress begins to deviate from a constant value in the
core can be identiﬁed.
Comparing Figs. 5a and b with 2b and c, the following
similarities and diﬀerences in stress states are noticed
between the cases of dilational vs. radial lithiation strains
in a two-phase particle. As lithiation proceeds, the lithiated
shell can readily achieve plastic yielding in both cases,
underscoring the importance of plasticity in stress generation in the high-capacity electrode undergoing large lithiation-induced swelling. However, in the case of radial
lithiation strain, Fig. 5 shows that the pristine core is subjected to hydrostatic compression. Within the lithiated
shell, the hoop stress is compressive near the phase boundary, but it increases sharply and continuously, such that the
tensile plastic yielding is achieved within a small radial distance, and the hoop tension further increases all the way to
the particle surface. In contrast, in the case of dilational
lithiation strain, Fig. 2b and c shows that the core is ﬁrst
subjected to hydrostatic tension, and later changed to
hydrostatic compression as lithiation proceeds. Within
the lithiated shell, near the phase boundary the hoop stress
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Fig. 5. Eﬀects of the unidirectional lithiation strain on stress generation in a two-phase particle with the same radial distributions of Li as Fig. 2a. (a) Same
as Fig. 2b except that the lithiation strain is unidirectional. (b) Same as Fig. 2c except the lithiation strain is unidirectional.

decreases sharply and almost discontinuously, such that
the hoop stress becomes compressive, and plastic yielding
is achieved. This hoop compression is reversed to tension
at the larger radial distance as a result of the push-out
eﬀect, as discussed earlier.
The above results, regarding both the stress states in the
core and near the phase boundary for the early stage of
lithiation, agree qualitatively with those from an elastic
model of oxidation-induced stresses [48], for cases of both
radial and dilational lithiation strains. Hsueh and Evans
[48] clearly explained why the core is subjected to hydrostatic compression in the case of radial oxidation strain,
while the hydrostatic tension develops in the core in the
case of dilational oxidation strain. Since a similar stress
development is predicted in the early stage of lithiation, it
is instructive to brieﬂy review their explanations here.
The key to understanding the stress buildup in the core is
to ﬁrst consider the deformation of the oxide (i.e., equivalent to the lithiated shell) in its “unconstrained” state, i.e.,
the oxide shell is assumed to detach from the core. In the
case of dilational oxidation strain, the tangential component of the oxidation strain induces an unconstrained outward radial displacement, and the hydrostatic tension in
the core results from the positive traction imposed to
achieve displacement continuity at the core–shell interface.
In contrast, the radial oxidation strain would induce the
mixed tangential tension and compression in the unconstrained state of oxide. The hydrostatic compression in
the core results from the negative traction imposed to
achieve displacement continuity at the core–shell interface.
Here, it should be noted that, while the analysis by Hsueh
and Evans provides a direct physical appreciation of the
stress states under diﬀerent assumptions of oxidation
strains, their work is only limited to elastic deformation.
In contrast, the present model accounts for the plastic
deformation that can readily develop during the lithiation
of candidate high-capacity anode materials (Si, Ge,
SnO2), as shown in recent experiments [9,11–13].
Finally, note that both dilational and unidirectional lithiation strains represent the modeling limit of eﬀective transformation strains associated with Li insertion at the sharp
phase boundary. The main diﬀerence in the predicted stress
states between the two cases lies in the compressive

response near the reaction front, as discussed above. In
fact, the contrast of the stresses in the core predicted by
the two cases, i.e., hydrostatic tension vs. compression, suggests an experimental route of testing in which assumption
of lithiation strain is more appropriate, e.g., by measuring
the elastic lattice strain in the crystalline core through highresolution TEM or electron diﬀraction experiments. Nevertheless, despite the diﬀerent stress distributions between the
two cases, the two-phase models can well capture the physical eﬀect of large swelling at the phase boundary, i.e., hoop
tension develops in the surface layer owing to the push-out
eﬀect, in a manner similar to inﬂation of a balloon causing
its wall to stretch. The buildup of large hoop tension in the
surface layer provides the main driving force of surface
cracking, as observed in TEM experiments of Fig. 1b. In
addition, note that the present authors’ recent comparative
TEM study between Ge and Si nanoparticles suggested
that the eﬀect of anisotropy of lithiation strain could play
a critical role in controlling the fracture of lithiated nanoparticles, i.e., being responsible for the tough Ge vs. fragile
Si behaviors [49]. Further, recent TEM experiments [17,18]
showed the two-phase lithiation in amorphous Si, which
conceivably involves diﬀerent degrees of anisotropy of lithiation strains compared with crystalline Si. These new
results underscore the importance of physical understanding of the eﬀect of anisotropy of lithiation strain.
5. Conclusions
This work studied the stress generation in a lithiated
particle, accounting for both plastic deformation and the
coexistence of Li-poor and Li-rich phases with a sharp
and curved phase boundary. An analytic formulation of
the problem was developed, and the stress distributions
were solved using the ﬁnite diﬀerence method. Such development provides a transparent mechanics foundation for
studying the lithiation-induced stresses in high-capacity
electrode materials with multiphase microstructure, curved
geometry and large volume change. The results show that
the tensile hoop stress can develop in the lithiated shell
even during Li insertion. This hoop tension originates from
the lithiation-induced swelling at the sharp phase boundary
with ﬁnite curvature, which often arises during lithiation of
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crystalline material with curved geometry, such as Si nanoparticles and nanowires. The large hoop tension in the
outer layer can consequently trigger the morphological
instability and fracture in electrodes. A recent study by
Zhao et al. [36] obtained a similar result of tensile hoop
stress development with a rigid-plastic model. However,
the present results based on an elasto-plastic model are
capable of resolving the stress distribution near the reaction front, which is necessary for understanding the coupling between stress and Li reaction/diﬀusion. For
example, recent experiments showed the slowing of lithiation in Si nanoparticles and nanowires [38,39], and understanding such slowing requires knowledge of the coupling
between stress and reaction/diﬀusion behind the reaction
front. The present work also reveals how the predicted
stress states are aﬀected by diﬀerent lithiation and deformation mechanisms, including the dilational vs. unidirectional
lithiation strain, and the two-phase vs. single-phase lithiation mechanism. The results of lithiation-induced stresses
provide a mechanics basis for further studying a wide range
of lithiation-related phenomena, e.g., anisotropic swelling
in Si nanowires [11], nanoporosity evolution in Ge nanowires [13], size eﬀect on fracture in Si nanoparticles [14],
and stress-retardation eﬀect on lithiation [38,39].
Finally, it is noted that, in order to gain essential physical
insights, the present model invokes various simpliﬁed
assumptions. At this moment, for anodes with large volume
and phase changes, it is probably more valuable to get the
qualitative result and mechanism right (e.g., surface tensile
stress and surface cracking, as opposed to surface compressive stress and bulk cracking) with a reduced model, than
constructing a fully coupled model with a large set of
parameters that have not been experimentally measured.
Further, the present work is focused on the aspects of stress
generation that are most likely insensitive to the rate eﬀect,
e.g., single-phase vs. two-phase lithiation. The present
authors’ recent review paper [50] addressed the rate eﬀect
by showing the consistent electrode degradation response
between in situ TEM (conducted typically in the short time
scale of 10 min) and regular battery cell testing (conducted
in hours). In addition, recent studies have begun to investigate the rate eﬀect of reaction and diﬀusion on the lithiation
behavior [37–40]. However, it is still uncertain whether the
lithiation stress would dominantly retard the reaction or diffusion because of the limited availability of material parameters measured from experiments. In the future, it will be
worthwhile to combine experiment and modeling to evaluate the impact of various factors, such as anisotropic properties of crystalline phases: e.g., orientation-dependent
phase boundary mobility [11,51]; Li concentration-dependent properties, e.g., Young’s modulus, yield strength, diﬀusivity [52,53]; stress relaxation by viscous ﬂow [48,54];
coupling the stress with Li reaction and diﬀusion [26,30].
Ultimately, a mechanistic and quantitative understanding
of the stress development holds the key to the control and
mitigation of lithiation-induced fracture, thereby enabling
the design of reliable Li ion batteries.
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Appendix A. Finite element modeling
The present authors studied the evolution of a twophase core–shell particle and associated stress generation
using direct ﬁnite element simulations. Speciﬁcally, rather
than using the logistic function given in Section 3.2, a
non-linear diﬀusion model is employed for simulating the
two-phase core–shell structure in the ABAQUS ﬁnite element package. To capture the coexistence of Li-poor and
Li-rich phases, it was assumed that diﬀusivity D is non-linearly dependent on the local Li concentration c. Note that
the diﬀusion simulations mainly serve to generate a
sequence of core–shell structures for stress analysis, rather
than provide a precise description of the dynamic lithiation
process, which would be diﬃcult owing to a lack of experimental measurements for model calibration. To this end,
one takes a simple non-linear function of D = D0
[1/(1  c)  2Xc], where D0 is the diﬀusivity constant,
and X is tuned to control the concentration proﬁle near
the reaction front. On the basis of the free energy function
of a regular solution model, f = Xc(1  c) + [c ln c +
(1  c) ln(1  c)], the above formula of diﬀusivity D is
derived according to a deﬁnition that can sharply increase
the diﬀusion rate at high Li concentrations: D = D0cd2f/
dc2. In diﬀusion simulations, the normalized Li concentrations behind the reaction front can quickly attain high values (slightly below 1), while those ahead of the front remain
nearly zero. This produces a sharp reaction front that is
consistent with experimental observation, thereby providing a basis for further stress analysis. It should be noted
that a small gradient of lithium concentration still exists
behind the reaction front, so that Li can continuously diffuse through the lithiated shell, so as to advance the reaction front toward the particle center. Finally, it is
emphasized that the above non-linear diﬀusivity function
is entirely empirical and taken as a numerical convenience
for generating a sharp phase boundary for stress analyses.
In future study, a mechanistically based model is needed to
characterize both the phase boundary migration and Li diffusion. To this end, both quantitative experimental measurements and atomistic modeling of the related kinetic
parameters are required to understand the migration of
crystal/amorphous interfaces, as well as how Li diﬀuses
in both Li-poor and Li-rich phases in Si electrodes.
The present authors numerically implemented both the
above diﬀusion model and the elastic–plastic model in
Section 2 in ABAQUS. The Li and stress–strain ﬁelds are
solved with an implicit, coupled temperature–displacement
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Fig. A1. Numerical results of a two-phase particle with dilational lithiation strain from ﬁnite element modeling. (a) Radial distributions of normalized Li
concentration c. (b) Radial distributions of the von Mises eﬀective stress re, radial stress rr and hoop stress rh = ru (normalized by Young’s modulus E),
which corresponds to the Li concentration proﬁle of (i) in (a). (c) Same as (b) except corresponding to the Li concentration proﬁle of (ii) in (a).

procedure in ABAQUS/Standard. That is, the normalized
concentration is surrogated by temperature, and the lithiation expansion coeﬃcient bij is equivalently treated as the
thermal expansion coeﬃcient. The user material subroutine
for heat transfer (UMATHT) is programmed to interface
with ABAQUS to update diﬀusivities based on the current
Li concentration (i.e., temperature). The Li distribution
and accordingly elastic–plastic deformation are updated
incrementally. In ﬁnite element simulations, one takes
X = 1.95 and assigns a constant Li concentration c = 1 at
the surface; the alternative ﬂux boundary condition gives
similar results of stress generation. For numerical stability,
the maximum of D is capped at 104D0. The axisymmetric
condition is used to reduce the computational cost in ABAQUS. In order to compare with the numerical results presented in the text, the same set of constitutive parameters
is taken as that given in Section 4.1.
Fig. A1 shows the numerical results for a two-phase particle with dilational lithiation strain. They are consistent
with Fig. 2. The small numerical diﬀerences arise mainly
because the small-strain approximation is used in the analytic formulation, while the large geometrical changes are
accounted for in the ﬁnite element simulation in ABAQUS
by selecting the option of NLGEOM. In addition, the ﬁnite
element modeling (not shown here) also validates the
results with assumed radial lithiation strain in a two-phase
particle given in Fig. 5. Clearly, the analytic formulation
developed in Section 3 provides a transparent mechanics
foundation for a more complete physical understanding
of lithiation-induced stresses, while direct ﬁnite element
modeling can be applied to solve the boundary value prob-

lems with complex geometries and chemo-mechanical loading histories.
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