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Lecture 1. Review of basic concepts

« |In this unit we will learn about

« What is thermodynamics? a/\

Large and larger numbers

What is a mole?

The thermodvnamic limit

The ideal gas

Combinatorics (combinato-what?)
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Thermal physics

» Study of assemblies of large number of atoms
(macroscopic systems)

* Why? Because thermodynamics is rooted in a
statistical description of matter

Example:

One kilogram of nitrogen gas contains
approximately 2 x 10~ N, molecules.

In one year, there are about 3.2 x 10’
seconds, so that a 3 GHz personal
computer can count molecules at a rate
of roughly 10"’ per year, ifit counts one
molecule every computer clock cycle.

Therefore it would take about 0.2 billion
years just for this computer to count all
the molecules in one kilogram of
nitrogen gas (a time that is roughly a
few percent of the age of the Universe!).
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A mole

Definitions:

| 1} A mole is defined as the gquantity of
» Also about the number of atoms in 1g of 'H matter that contains as many
objects as the number of atoms in

* That number is equivalent to Avogadro exactly 12 g of 120

number

2) N, =6.022 x 10~ (Avogadro number)

« Molar mass is the mass of one mole of the
substance.

* The molar mass of carbonis 12 g
« The molar mass of wateris18 g

*» The mass of a single atom of carbon is 12/Ng
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The Thermodynamic Limit

(a)

an

* Why can we use averages and statistics? ::
= Fl,| LA =
= Analogy: rain drops on a flat roof. Each drop of mass m falls Li I Small roof
with velocity v at time t, imparting an impulse p = mv = FAt ast H H |
an
* We now count water drops in rooms with 3 different roof sizes  (b) o t
* F on average gets bigger for larger roofs (ok since surface 180
area is larger) Ly 1m

Larger roof

* Fluctuations in the force get smoothed out (do not
disappear though!) 0

* We can normalize the result per unit of surface area: F/A = p,

to get the pressure p. 1
Ry 0000
* If the surface area grows to infinity, the pressure “does not” - Largest roof

fluctuate anymore. This is called the thermodynamic limit.
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The thermodynamic limitina gas

» Imagine a container with gas inside ‘t 4 .
L ] I

* Each molecule bounces against the wall, transferring I I 7

an impulse . t P
™ - :

* For a large container, the pressure is pretty much A .
uniform in time (no fluctuations); this is because the . ™
number of molecules is extremely large ‘{ -’“ . * L

+ We describe pressure in the thermodynamic limit s l f Y‘
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Intensive and Extensive
Variables

* Suppose container

« With volume V

« At temperature T

« At pressure p
« Where total kinetic energy is U Definitions:
» If we slice the volume in 2 (V*=V/2) 1) Extensive variables: those

] ] scale with the system size
* Total kinetic energy LU*=L/2

2} Intensive variables: those
that are independent of
system size

* pf=pand T=T%
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Intensive and Extensive Variables

* Classical Thermodynamics

* Macroscopic properties (eg.,p, V, T)

* No concerns about microscopic properties (in fact: does not need it!) 3/\
* Kinetic Theory of gases G\ Q\

* Individual molecules X)
+ Statistical Mechanics <3 ¢ anal (\ §

= Starts from individual objects

» Use statistical distribution of properties of constituents

« Compatible with QM (properties of microscopic states)
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Theideal gas

* Experimental input:

* Pressure pofvolume V of gas depends on its temperature T

Together: pV o« T

Boyles’ law: p o< 1/V (Boyle 1662 & Mariotte 1620)
Charles’ law: V & T (Charles 1787 & Gay-Lussac 1802)

Gay-Lussac law: p o T (Gay-Lussac 1809)

Ideal gas equation (IGE)

pV = Nk T

kg is the Boltzmann constant

Notes:
1) Purely empirical law

2) “ldeal™ gas molecules do
not interact; gas
molecules have zero size;

3) The IGE is used profusely
in thermodynamics
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Combinatorial problem

Combination
o} No) Relo) Nolf &
. . . ”!
008080000 3 examples of distribution -
of 4 black boxes among 10 (n—nr'r!
ole) Yok Joje) ¥ Jo " "

How many possible such configurations are there?
If we have 4 black boxes. They can be assigned to any of the 10 slots.
1 ¥ possibilities for Bb1
2 8 possibilities for bBbZ
3. B possibilities for B2
i, T possibilities for bbd
B Thati=10x 9 x8 x T = 1040 0-4)

& Butwe over<ounted! Permutations among thed bb are equivalent

UL
T. Final anser: e— = 2 ]
{10k— ) '4!
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Alternative proof

o) Joi Relel Noi Xo

3 examples of distribution

#eO®OBO000 of 4 black boxes among 10

ojiel Joy Jeje) J N

How many possible such configurations are there?

i boxes are black, 160-4 are white
1. How many ways to arrange ¥ boxes? ¥
2 How many ways te arrange 4 black boxes? 4!

3. How many ways to arrange ¥0-8 boxes? 6!

1}t
{10— 414!

d. Final anzaer: = 210k

Combination

I|
a=—""__=.(
(n—r)'r!

Suppose we have 100 atoms
and 40 quanta of energy to
distribute among them. How
many ways to do it?

100!
(100 — 40) 140!

= 1.3710%
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Larger numbers: Stirling

Combination Stirling Formula |
n! Inn!'=nlnn—n+—1In2xn
Q) = = Inn! =nlnn—mn
(n—nr)'r! ! \
140
1 3l
Suppose we have 100 atoms 100 -
and 40 quanta of energy to = =
distribute among them. How T ol
many ways to do it?
m -
100! g
(100 — 40) 140! = il ) Inn!~nlnn—n

& 1 16 H 26 30 3% 40 456 A0
&

(=1
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Summary

1.The number of atoms in a typical macroscopic lump of matter is large.

It is measured in the units of the mole. One mole of atoms contains N, atoms,
where N, = 6.022 x 10*

2. We introduced the concepts of intensive and extensive variables
3. We introduced the concept of thermodynamic limit
4. Combinatorial problems generate very large numbers. To make these numbers

manageable, we often consider their logarithms and use Stirling's approximation:
Inn! =nlnn—n
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Test Your Knowledge

I, Arsong the examples listed below, which one B ot an example of a gystan at the thermodyiamie Tmit?

A, Dietribution of rain over a large area for a long time?
B. water dropletz falling from a leak in the roof™
O Clends in the gky?

v, The temperatume of a large tmber of particles (N4 ].

2=

. What & an extensive wariahle?
A, a variable whose magnitude depereds on the systenn size
B. a variable whose magnitude dees no depend on the systemn gize

LR -:1!:||-e:||-:i:-c an the eontext.

3. Speaking of thermody namic Hmit:
A it e a situation where temperature tends to e
B. it iz a situation where fuctuations in a quantity are meh smaller than the average salue of that

quantity

{1 Tt depends on the eontext,

I, When ean we deseribe a EVELSTN A2 Al ideal oas wilet
A, The particks do not interact attractively
B. The particlkes do not interact repulsively

. The |u|.||i-::'|-e::-= do not interact at all

I Tt depends
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Lecture 2. Whatis heat?

« |In this unit we will learn about
* Definition of heat

* Heat capacity

(9Q)
\ dT"
/90

\ dT"

gas

[
=
by
&
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What is heat and what is it not?

Heat is related to transfer

It is measured in Joules (J) and the rate
of heating has the unit of Watts (W=J/s)

Heat is related to energy Definition
Heat is related to temperature _) Heat is thermal energy in transit

Experiment seems to indicate that:

- Heat spontaneously transfers from hot to cold bodies
- |t can transfer the other way as well but another process must take place at the same time

= In transit is a key attribute. An object does not possess a quantity of heat.
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Heat Capacity*

* How much heat needs to be supplied to an
object to raise its temperature by a small

amount dT? Heat Capacity
« Answer: dQ = C dT where C is the heat C= E
capacity of the object dT

*misnomer
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Example

* Heat capacity of 0125 kg of water is measured to be 523 JK'at Definitions:
room temperature

1) Specific heat capacity:
HC per unit mass

* What is the heat capacity of water

« Per unit mass?: c=523/0.125=4.184 x 102 JK-kg-' (specific heat

2} Molar heat capacity: HC
capacity)

per mole

» Per unit volume?: C=4.184 x 102 x 1000 kgm3=4.184 x 108
JK1m-=

* Molar heat capacity: heat capacity of one mole of the substance

Exercise: calculate molar
heat capacity of water
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How can you heat a gas?

gas
When we think about the heat capacity of a gas, there is a

further complication. Theat
We are trying to ask the question: how much heat should you add

to raise the temperature of our gas by one kelvin? Constant volume
We can imagine doing the experiment in two ways.

In both cases, we are Heat Capacity...

applying a constraint to the :

system, either constraining ... At constant volume: l'__.'l_.- = ( - -

the volume of the gas to be ras
fixed, or constraining the s |
pressure of the gas to be ..at constant pressure: C, = ( —

fixed. fhea,t

Constant pressure
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C, > C,

We expect that C, will be bigger than Cvy for the reason that more
heat will need to be added when heating at constant pressure than
when heating at constant volume.

This is because at constant pressure additional energy will be
expended on doing work on the atmosphere as the gas expands.
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Summary

1) Heat and heat capacity have been introduced

2} Heat is "thermal energy in transit

3) The heat capacity C of an object is given by
C =d0/dT.

The heat capacity of a substance can also be
expressed per unit volume or per unit mass (in
the latter case it is called specific heat capacity)
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Test Your Knowledge

1. What is heat?
A, A form of energy stored in a closed system
B. A form of energy that is transferred from a hot body into a cold body
C. A synonym of temperature

D. None of the above
2. Is heat capacity at constant pressure larger than heat capacity at constant volume?
A. Yes
B. No
. It depends
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Lecture 3. Probabilities

« |In this unit we will learn about 1

* Probabhilities and their impact on
thermodynamics

Probability has had a huge impact on thermal o
physics. We are often interested in systems
containing huge numbers of particles.

=1
T

[—]
]
T

It follows that predictions based on

probability turn out to be precise enough for
most purposes.

= =
.
T T

Plnk) / max (P(n k)

e &
F=T Y

T
| —

X , . , . A ,
0l 0.z i o4 5 ] ny & 0. 1.0
kin

=
=
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Discrete Probability Distributions

with probability Pi. We require that the sum of the

* Let x be a discrete random variable which takes values x; Z p 1
.i —
probabilities of every possible outcome adds up to one. -
2

« (mean, average, or expected value) is a weighting sum by N P
the probability of each value {J} B Z it

i

* Mean squared value of x (1) = Z z: P,

* In general ‘

(@) =3 f@)P,
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Example

» Let x take values O, 1, and 2 with probabilities

1/2,1/4, and 1/4, respectively.

T = Z.:-..f‘.
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Continuous probability distributions

*« Suppose xis a continuous random variable
* It has a probability P(x) dx of having value / P(:ﬂ} der =1
between x and x + dx

* Total probability is 1
* Mean value: CT) — /i]‘ P(:T) dx

* Mean of any function:
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Example: Gaussian

« <x> and <x2> ?

» Step 1: normalization
|—fﬂ--|l"|.l':|'!:_l' = ll""lllr-\--:"‘"
= wira®,

* Step 2: average

f o
LYy -:'Ier'

» Step 3: average of square

]

{-I'.:::' _ g T I-' I dr
v ra®
1 l
572 = B¢
2
—_— ia .

)

_ (’_}F '.r.'zl.-"ﬂu..'E

Formulae
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Linear transformation

* How to create a new random variable from a
given one?

* Say, we havexandy y=ar +Db

» Average (y) = {lar+b =alx)+b
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Variance

« How far is a variable from the mean®?
Deviation from the mean: £ {5’:}

*« How far are variables, on average, I N S S SN
away from the mean? (T — () ={z) — (1) =0

* A more natural number, though |,,_ o ':*H
mathematically tedious: Y

* To keep math happy: (x — (x))°
« Mean squared deviation: o2 = {(x— (x))*\= (2% — (z)’

+ Standard deviation is the root-mean-square
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Linear transformation

How to create a new random variable from a
given one?

Say, we have x and y y=ar+b
+ Average () = {ax + b) = alx) +b

* Average square (y?) = ’{ﬂu*+h]9}
= {a’z® + 2abz + b*)
= a*{z?) + 2ab{x) + ¥

Standard deviation
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Independent variables

* If vand v are independent random variables

* The probability that uis in the range u to
u+du and v is in the range v to v+dv is given by

-'Hu, (H-) due _F';, ( 'i’_!)d-;-_j

The average value of the product is

fue) = Jrf un P (u) Py (o) dede
= f Py () f o Pylo)de

= fu)fw),

* The separation of variables is possible because
they are independent

Two random variables are
independent if knowing the value
of one of them yields no
information about the value of
the other.

For example, the quality of your
favorite soccer team and the
number of days you may stay in
confinement due to covid-19.
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n random variables

* Suppose you have n random variable with ¥ = A+ -+ A5+ N+ 5X+ NG+
. 2
same mean and variance o . .
X = .:_,!{j':._ ..._.:_.!f_:l.:._.:_.!{]_.!{._,.:. _.:_.!{'.3_.!{']:._ .:_.!{J_.!fa:._

o IFY=X+Xo+Xa+.. X
" n terms like <X2>
* The mean <Y>=<X+<Xo+<Xq+. . <X >= n<X> _
n(n-1) terms line <X Xs> -> < ><Xa>=<X>2
* Variance of ¥Y?
V) = ml X + nin— 1 X2

oy = (Y7)—(¥)
n(X®) - n{X)*
= ﬂi‘?’i
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Consequence: measurements

2 _ 2
0y = nNoy

Imagine that a quantity X is measured n times, each time with an
independent error, which we call a,.

If you add up the results of the measurements to make ¥ = EXI.,
then the rms error in ¥Yis Dnlyﬁ times the rms error of a single X .
Hence if you try and get a good estimate of X by calculating
(EX!-}IH, the error in this quantity is equal to ﬂxfﬁ
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Consequence: random walk

Imagine a drunken person staggering out of a pub and attempting to walk along a narrow street
(which confines him or her to motion in one dimension).

Suppose the drunken person is equally likely to travel one step forwards or one step backwards.
The effects of intoxication are such that each step is uncorrelated with the previous one.

Thus the average distance travelled in a single step is (X) =0

After n such steps, we would have an expected total distance travelled of (¥) = E (X,-) =0

. Iiin_ﬁfieuer,én yﬂiﬁ case the root mean squared distance is more revealing. In this case
¥<) =n{X-

It follows that the rms length of a random walk of n steps is ﬁ times the length of a single
step.
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Binomial distribution

EBernoulli Trial

ry = 0x(1~— 1 —
Two possible outcomes {"; : (1—p)+ ?;: p=p
{J‘:I' = 0 x“-_]ﬂ}+1 XKp=p
One with probability p (“success”) S ’»/{1'2} @ = /ol =)

One with probability 1-p (“failure™)
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Binomial distribution

Binomial distribution

The binomial distribution is the

discrete probability distribution
P(n,k) of getting k successes from n
independent Bernoulli trials.

What is P(n, k)?

(1) probability of p“[] — p]"“‘ (k successes and n-k failures)

(2) How many possibilities? "C,

P(n,k) = "Cyp*(1—p)"~*

PHYS 4420 = FALL 2021
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Algebra P(?l, k) — ”C_!;;pk(l _p)n—.lc:

T

(ii'? + y}n _ Z nck ﬂ:kyn—k

k=0
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Mean, variance, etc

The binomial distribution is just the sum of independent Bernoulli trials.

Therefore: (k) = np

Also: of = np(l—p)

The fractional width is:  a/{k} =/l = pinp

This decreases as n increases! P=0.4; n= 50, 500, 5000 respectively

=
(=
T

=
o
!

=
I
!

Fin.k) [ max (FP(n.k))

EE
=
B
e
=
&
&
xd
=
B
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Example 1: fair coin

« p=0.5
* n=16 -> the expected number of heads <h>=np=8; with standard deviation of 2

* For n=1020 -> the expected number of heads is <h>=5 x 10'?, with standard
deviation of 5 x 102, The standard deviation is, in relative terms, much smaller

0 8 16 0 S5 x 101 1020
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Example 2: random walk (1D)

» Equivalent to n Bernoulli trials (+L forwards or — L backwards with equal probability p = 0.5, If
we have n steps, k of them forwards, the distance travelled is:
x=kx(+L)+(n—-k)x(—L)=(2k—n)x L

+ Meandistance (x) =2 <k>xL=10

» Standard deviation 5, = \/{xi) — {x}2 = ﬁL RS
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Test Your Knowledge

. How many ways can you pick 5 objects from a collection of 97
AL 126
E. 128
LI &1
. 5
2, Imagine a random walk in one dimension (problean often called the drunken salesman]. We will suppose that
each step size to be equal to 1], What is the most accurate statemnent below?
AL After o steps, the drunken salesman will, on average, end up at a distance d = n.

E. After n stepa, the drunken salesman may have been found, at some point, at a distance of about |/
away from his starting point, for a large enough value of «w .

. After noosteps, the pedometer on the wrist of the drunken salesman will measure exactly w2 steps by
the time he reaches the end of the street.

[}, Mone of the other anawers is correct,

3. What iz a Bernoulli trial?
AL Tt is an event when Bernoulli went to jail becanse he atole a plane,
E. Tt is an experiment with ouly two possible ontoomses

. Tt is the event when the definition of temperature was finalized
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