Lecture 24. Phonons

* In this lecture, we will focus on lattice
vibrations

« Einstein Model

* Debye Model

* Dispersion relation

Heat capacity — equipartition result, lecture 19:
=
¥

O(E) /0T = 3Nkg

For one mole: Cy, = 3R

hitps://mappingignorance.org/
201612/17/einstein-and-quantu m-
solids [

PHYS 4420 = FALL 2021

a7h



Phonons

= Energy is stored in the lattice vibration

0 VP F P gt d 9
3 g o = JETe s " I > ate 3
F o @ 2,902 0 g Foto®
* Phonons are quantized elementary lattice S F 0 PPPPOo g gt
waves to describe excitation of vibrations in the g O 0PPRPP o g,
lattice. Pt © PhOFTPaggp,
Fotor o ?PLCPee g,
» Phonons focus on normal modes of vibrations: Pfotr 0 PP PPooyg
the collection of modes that are independent e
from one another. - Peipam———

https://mappingignorance.org/2018 /0118 /what-
the-heck-is-a~-phonon/

They are like simple harmonic oscillators.

They are described using dispersion relations.

w v.8. k
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Einstein Model o)

* Each vibrational mode of the solid have the
same frequency wg

0 Wy, «
« There are 3N modes (really 3N — 6%)
* There are independent and do not interact AN 3N
_ In 2 = In ;.
* The partition function is thus a simple product Z = H Zi RZ .
fe=1 =
« Z, is the partitions function of a single mode o Y
. . . . A —[n.-l—%}.FmEﬁ €
« Each mode is a simple harmonic oscillator k = € T 1 _ o fwnp
[again!} =[] !

l -
]_HZ = 3;“'\? —§ﬁ{.l..-'E,H — ].Il{]. — e_hwﬂﬁ}]
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Density of states gle)

a (101 rad s~ -
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InZ = 3N [—% wed —In(l —e ‘”E"';)

Internal energy: 7 _ _ l";'l_ﬂ Z
1/
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= hw
3 WE T hamf 1

1 ] g = kpOg

N : 1
[ =3ROg lE -+ m - -
Einstein tem pﬂl"-ﬂ.tl.ll"'ﬂ

*per mole
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Limitathight T
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Molar heat capacity of the Einstein solid

O — (E)U)
aT
—1 By /T O
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The Debye Model

9(w)
HEim—thriu[_m} - 31“""5[':-'1-’ - WE-}
» Distribution of frequencies rather than a
single one.
* Number of vibrational states between w 0 W et

and @ + dw is given by g(w).

« Approximation: all waves travel at the
same speed v, the speed of sound (q

being the wave vector 27/1) W = Uqq
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47q*dq
dg = :
9(q)dq 2 /1)?

X 3

Solid: cube of side length L; factor of three because we have 1
longitudinal and two transverse directions for each q W
glw

i ) 12 .
_ 3V¢dg o(w) dw = 3V w? duw

72 2723

g(q)dg

w
() Wn

)
Debye frequency defined such that: / {;_.(w] dw = 3N
s )
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Density of states gle)
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Copper

PHYS 4420 = FALL 2021 LECTURE 24: PHONONS



WD
Debye frequency defined such that: f) q(m) liu

glw)dw =

Debye temperature: O, —

— 3N
Jo
3Vw? dw
222
s N 23 1/3
—_— (i} ;?H)
hwp
.Ifi:H

Examples
Material B (K)
Ne fd
Na 150
NaCl 321
Al 404
Si 625
C (diamond) 1560
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Internal energy in the Debye model

In & = r dw g({w) In |:
Jo

InZ = — lhmq{m}du,' — [
Jo :
u
InZ = ——“\huni— —

| N ST pe—
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g(w)dw =

3Vw? dw
223

6 Nw2e? e
wnp = T

g(w) In(1 — e~ ™5) duy
w?In(1 = e~ M%) du
INR [“® wid
U= ﬁ.’ﬁmn ' f ——
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Heat capacity ¢ - (&)

.: ONE [“° w3 dw
U= %Nﬁ.wu + 3 - /w _wWdw
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Low temperature
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Debye in the limiting case (High-T and Low-T)

OR [ zle® dx
R X
T Jo  (e*—1)
. 9k [e gt . . .
High-T: ¢ — — —dr =3R (equipartition result, Dulong-Petit)
ﬂ'lh A0 G£7

(eT — l}lE o 5:::%

1 izt (T \°
C=3kRx— (HD)

Low-T: ' — :—q
Ih

OR f < ple® do 12R =4
1

PHYS 4420 = FALL 2021 LECTURE 24: PHONONS 490



Phonondispersionw vs.q @iy -
m m ™m m T m Wu Ji
e O O B S O O TN

r*_'_‘__.'_._._.:_._*___-.._'_\__ﬁl. w Lm_ﬂ.
I

ity = K(tpi1—tn)—K{tup—tup—1) = K{tni1—2un+tn_1)
W

Uy = E'J{D[i(q?lfl — .:..Jﬁ)] Wave-like solution !

/ \

—??M.:JE — K(Elqu — 9 + E—lqm}

mw? = 2K(1 — cos ga)

Long wavelength limit: -rfa 0 w/la q
(B 4K
W= U vs=a ( w? = — sin*(ga,/2)
m

PHYS 4420 = FALL 2021 LECTURE 24: PHONONS 491



Copper solid
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Svensson et al., Phys. Rev. 185, 619 (1967)
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More than one atomic type

m M m M m M

Looustical kode

) Appearance of optical modes
\le//"h"\\’/ (can couple with EM radiation

due to the different nature of

the atoms)
/\/'\ Citizal Mide

-mfa 0 w/a 4

https:ffwarwick.ac.uk/f
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https://www.youtube.com/watch?v=M4WQs_U1nmU
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Debye versus Einstein

Debye: good at low T (with T? behavior)

Einstein: good for optical modes

Density of states gfw)

w (10" rad 571) &
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Summary

« A phonon is a quantized lattice vibration.
» The Einstein model of a solid assumes that all phonons have the same frequency.

he Debye model allows a range of phonon frequencies up to a maximum frequency
called the Debye frequency. The density of states is quadratic in frequency, and this
assumes thatw = v g

he dispersion relation of a real solid is more complicated and may contain acoustic
and optic branches. It can be experimentally determined using inelastic neutron
scattering.

» The heat capacity of a three-dimensional solid is proportional to T at low
temperature and saturates to a value of 3R at high temperature.
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