Lecture 29. Bose-Einstein and Fermi-Dirac distributions

* In this lecture, we will dig deeper into the
importance of quantum mechanics and its
effect on the statistical properties of gases

* We will consider how the fact particles are \\ ;/ \ ¢ /"”
undistinguishable and their wavefunctions
are constrained to adopt a certain symmetry
has a profound impact on properties

« We will look at bosons and fermions

Basons Farmions

Enengy

«Fermion: electrons, neutron, proton, 3He (all spin 1/2); THe (spin 3/2)

«Boson: photons (spin 1)
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Quantum description: a primer

A quantum state is an abstract object that
provides all the information of a quantum |¢>
system. We call it, in Dirac notation, a ket

« The difficulty is of course to determine it

* We can determine the state using the
Hamiltonian operator

*» The wavefunction is a special representation of
this object, vielding a somewhat more intuitive
object like a function of space

* The physical interpretationis in the probability
of finding the particle between x and x + dx

« The probability amplitude is a complex number
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Exchange and Symmetry

* Two particles: one at r; and one at r;

« The wavefunctmn of this system is yir. r5),
so that |y(r,. r¢}| dr,dr; is a joint probability

* The Hamiltonian of the system commutes
with the exchange operator [H, PP|5] =0

* — the eigenfunctions of the two operators
can be chosen to be the same

+ — Because the two particles are the same

|1.":.J le . TE] |E — |1':-J (TE . Tl]' ’
= — The two wave functions are chosen up
to a phase factor

Exchange operator }313
Protp(r1,m2) = (72, r1)

I;J.IEE-';"{T’LT'E\J = i (ro, 71} = Aii{ry, T2)
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Y(re.ry) = £P(ry, 7o)

* Only two types of wavefunctions:

* Symmetric (+) “Bosons” ?,ff?('r‘g: T‘l) = 1,-'1?(?“1: 'Pg)

* Anti-symmetric (-) “Fermions” T.-'if'(’-"zs T'l} - —E,.-i‘(‘rl, ’-":3}

* Two fermions can’t occupy the same position!
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A wavefunction is a special representation of
quantum states

* Imagine we have a particle in state 0 and another in state 1, |[]}|1}
we can describe the combined state as:

(1) Distinguishable particles:  |0)}|0), 13(0). 0315, 1)1
(2) Indistinguishable and classical particles: |00}, 113|0), 11y |1)
(3) Indistinguishable and quantum (bosons): [0}|0), 117, % (] 1[0} + |0)1))

1
(4) Indistinguishable and quantum (fermions): 7 (L) = |h1y)

MNote: for fermions, they cannot occupy the same quantum state! (Pauli exclusion principle)
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Statistics of identical particles

« What happens when we have many identical particles (instead of just 2 as in the
previous slide)?

+ We have developed the tools: grand partition function! (constraint: number of
particles is not fixed but the chemical potential is)

o Z& eﬁ(#wﬂ —Eq)

Sum over all possible states of the system
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Limiting case: just one state available

* Since the number of particles can

change Z = ZEHH“_E}

: 1
« For Fermions: we only have n = ()

orn = 1 (Pauli exclusion principle) Z= Z ePH=E) — 1 4 (flu-E) —p 1 Z =In(1+ e‘?{"‘_EJ:}

=1}

fa
» For Bosons: any occupation = Z L )

number is possible —
n=I)

1

[ — £ =P InZ=—In(1-e’rh)

We can condense:

InZ = +1In(1+ e’ 5) Sy = L

=]
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Limiting case: just one state available
Average number of particles

L PROCIITE o 1 82 1 dlnZ
Z — ET.’..‘S[,H E} = E” s — — — e —
E * <ﬂ::| E” pnd{p— L) .,-’:.'E i F _r"f)' O E

Ti

1
— B(p—E) =
mZ=+In(l+e ) — (n) oB(E—p) 1+ 1

Fermions (+)

Bosons (-)
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General case

Cost of putting a particle in i state: E,
Occupation number n, (number of particles in state i)
A configuration of the system is thus: [ﬂrﬂfu—ﬁn] R [ﬂrﬂfu—ﬁzh] A H{_:n,_:’:lf,u—LZJ

1

The grand partition function is the sum of those Z — Z Herh B p—E;)

products PR
?
If we only accept two cases: n= 0 or 1 (fermions) and _
n; = 0,1,2,3,...(bosons), so n; is independent of i: Z = H Z et Al —E;)
b {ni}
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i { LS _}

Z H Z ot Blu—E;) Z = Z H ol Flu—E;)
Ini} 1

Z=(1+e = tte T4 )(1de 2de 224 ) (1 4e Ff e 25 4 0

—2e —2e —2e; —{e1+E —{e1+E: —{Ea+tE:
.+ e L be 2 e '*+E{1+9}+E{1+'*}+E{9+'*}—}—---
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Z=(14e) (14e ) (14+e ).

Sum of all possible products!

(Fermionic case)
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z Hzeﬂﬁ(#ﬂ E;)

i {n;}

The full grand partition function is a product of the grand partition functions for the separate
single-particle states: each degree of freedom can be excited independently!

This is very powerful, since it means the probability of finding n; particles occupying state i is
completely independent of whatever else is happening.

This is true at fixed u but wouldn't be true at fixed N

PHYS 4420 = FALL 2021 LECTURE 29 BE AND FD ISTRIBUTIONS BaT



7z = H Z e'n,.,;ﬁ'[,u—E.,;}

i {nd)
Fermions: 2 — H 1+ eI HTED) ey 111 Z = Z In(1 + E"I':‘f(“_E-a])

1
1 — e (p—E;)

Bosons: Z - H _l_ + ES[“_E{} + {}Eﬂ[“_E{} + - q Z = H
: i

—_— 1 Z = — Zln{l — {:ﬁ“‘_E*’})

lﬂZ — 1 Z 11‘1(1 4 eﬁ(ﬁ—Ei))
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Number of particles in each states

InZ = -

(

dln Z
OF;

)

:Zlﬂ(l Z

. eﬁ(M—Ei))

e.’ﬁ { H— Ei }

T 1+ eB(—E;)

Grand Potential
(lecture 22)

'lt"(_‘; = —kET In Z

Ty = H'i'“
YONAE )
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Distribution functions: mean occupationofa

state with energy E

. Fermi-Dirac distribution [ (F) =

* Bose-Einstein distribution f(E) —

1

eB(E—p) 41
1

Dﬁ'(E_.f-"') — 1
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Bose-Einstein
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We must have: £ > u
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Boltzmann
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Comparing
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Small chemical potential Limit

The chemical potential increases with the
density n of particles: Particles flow from
systems with high n to systems with low n.

= kgTIn(n)\y,) Ideal gas

20 — 1
. I 2.0
A I
. . | |
5 . ’ 1

Termperatire

Distribaticon

-
e
-

=t

(.0

At high £ — u, functions tend to the
Boltzmann distribution because this limit
corresponds to low density (small u)

There are many more states thermally
accessible to the particles than there are
particles

Double occupancy never occurs and the
requirements of exchange symmetry are
inconsequential

Fermions and bosons behave like classical
particles
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High-density

The differences between the distributions
24) 11 I_} ’ are substantial at high density.

The distribution function for bosons diverges
L5 when i = E. Thus for bosons, the chemical
potential must always be below the lowest-
energy state. (Otherwise the lowest-energy
state would become occupied with an infinite
number of particles).

—
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The implications for the properties of
quantum gases will be considered in the next
chapter.

R
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Summary

The wave function of a pair of bosons is symmetric under exchange of particles, while the wave

function of a pair of fermions is antisymmetric under exchange of particles.

Bosons can share quantum states, while fermions cannot share quantum states.

Bosons obey Bose-Einstein statistics, given by 20y

1 1.5

FE) = S

[Est i Initicae

Fermions obey Fermi-Dirac statistics, given by

1

oo s
“l:i Ezawem

13l zmieanm

flE) = BE 0.0

41 =

—

|-.'||.||.-.'|.|I||.|-.'
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