Lecture 21. Statistical mechanics of an ideal gas

¥
* Where we apply what we learned in the
previous lecture on partition functions and
extend that knowledge to the case of the ideal

gas
Z = Z e~ A Fa
¥

How can we build the partition function in this case?
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Density of states «-=-

(k,, k,, k) uniquely labels each state

We can work in “k-space” without loss of information
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Magnitude of a wave vector

How many states with wave vectors of length between k and k + dk?

1
Volume of the shell: g X Ak dk
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Partition function of the ideal gas
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Many-particle states

So far, we have considered single-particle states, what happens for a N-particle state?

Single-particle partition function is:
0 € Zy=e"fe P =147

Particles can exist in
two states with
energy 0 or ¢
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2 distinguishable particles

— 00— —e— -+

-0 —e— —0—
In general, for N particles:
Zn = (2)"

Zy = (Z1)*

What if the particles were indistinguishable?
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Indistinguishable

Distinguishable case
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Zy =e' fe 7 fem £ (4 Z overcounted!

For N particles, Z‘]'” overcounts states when all N particles are

in different states by a factor V!
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How can we calculate Z,?

Approximation: why not ignore the states where there are two or more particles in the
same energy level?

(Z1)N
N

When is it good? If most of the configurations correspond to one particle per level; that is:
when the number of levels is much larger than the number of particles.

For the ideal gas, we want many more states than particles for this to work out!

That happens when i (number density of molecules) << Hgy

P 1 Vv N
NN\
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Functions of state of the ideal gas
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Gibbs paradox

C_onb |2 :
8= Nkp [E —In {-u)fh}}

Sackur-Tetrode equation
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Joule expansion

(a)
SO,
— " Ta.
., " *

(b)
V3, * o &
Distinct  [.v. ﬁi‘% af 3. Sphs
molecules ".,."- @jﬁ'ﬁ 58 g%i: gy

AS = Hﬁl::d Hil'.iriiul
AS = NkyIn 2 = Nikg |z -ln(zAh)| = Nkg |5 = In(nr),)
= Nkgln?2, ' '

“one uncertainty bit per molecule”

AS=2NkpIn 2 Also an irreversible process
i !
AS=0 A reversible process!
Paradox?
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Paradox resolution

There is a fundamental difference between the two cases!

We do not lose information (e.g., on where a molecule of gas is located) in the second case!

Gibbs resolved this paradox by realizing that indistinguishability was fundamental and that all
states of the system that differ only by a permutation of identical molecules should be

considered as the same state.

Failure to do this results in an expression for the entropy that is not extensive!
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Heat capacity of a diatomic gas

Sum of 3 translations, 2 rotations, two vibrations; for 7 modes

Equipartition theorem: mean energy per molecule is 7/2k;T at high temperature
The modes are independent and
Z = ZiransLyib Lot
Internal energy is thus the sum of each contribution

Zirans = VA, Cy is also a sum of each contribution!

Evil: =a %_i".l'h-;uf.' l—e 'ﬁ'h"u:]

rnt—Z'L" AEaq —Z Ej_|_1}(-. AT 2r

J=l
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translational 4 rotational + vibrational
7 f 2 ==z

translational 4+ rotational

translational

Where should C, go at T=0? Why?

0F Etran:e. - I’rg'll th
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T Zrot = Zf: AEa Z[g_; +1)e gkt J(a+1)/21
rr J=0
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Summary

For an ideal gas, the partition function can be written

Z=V/N,
where is the thermal wavelength.

The quantum concentration

The -particle partition function is given by

for indistinguishable particles in the low-density case when so that
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